
This article appeared in a journal published by Elsevier. The attached
copy is furnished to the author for internal non-commercial research
and education use, including for instruction at the authors institution

and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party

websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright

http://www.elsevier.com/copyright


Author's personal copy

Measurements of dendrite tip growth and sidebranching
in succinonitrile–acetone alloys

A.J. Melendez, C. Beckermann n

Department of Mechanical and Industrial Engineering, University of Iowa, Iowa City, Iowa 52242, USA

a r t i c l e i n f o

Article history:

Received 20 September 2011

Accepted 4 December 2011

Communicated by Y. Furukawa
Available online 13 December 2011

Keywords:

A1. Convection

A1. Dendrites

A1. Growth Models

B1. Alloys

B1. Succinonitrile

a b s t r a c t

Experiments are carried to investigate free dendritic growth of succinonitrile–acetone alloys in an

undercooled melt. The measurements include the steady dendrite tip velocity and radius, the non-

axisymmetric amplitude coefficient of the fins near the tip, and the envelope width, projection area, and

contour length of the sidebranch structure far from the tip. It is found that the measured dendrite tip

growth Péclet numbers agree well with the predictions from a stagnant film model that accounts for

thermosolutal convection in the melt. The measured tip selection parameter, sn, is verified to be

independent of the alloy composition, but shows a strong dependence on the imposed undercooling.

The universal amplitude coefficient, A4, is measured to be equal to 0.004, independent of the

undercooling, but the early onset of sidebranching prevents its accurate determination for more

concentrated alloys. For the self-similar sidebranch structure far from the tip, scaling laws are obtained

for the measured geometrical parameters. While melt convection causes some widening of the

sidebranch envelope, and the early onset of sidebranching for alloy dendrites results in a 25% upward

shift of the envelope width, the projection area and, hence, the mean width of a sidebranching dendrite,

as well as its contour length in the sidebranch plane, obey universal power laws that are independent of

the convection intensity and the alloy composition.

& 2011 Elsevier B.V. All rights reserved.

1. Introduction

Dendrites are a frequently observed growth form during
solidification of metal alloys. Understanding the formation of
dendritic patterns has been of long standing interest in both the
metallurgy and physics communities. Several articles are avail-
able that review the state-of-the-art in this field (e.g., Refs. [1–4]).
The present study is concerned with steady, free growth of alloy
dendrites into an essentially infinite undercooled melt.

Free dendritic growth can be divided into three regimes
starting from the tip of the dendrite.

(1) The non-axisymmetric needle-crystal regime, where a dendrite
can be represented as a paraboloidal needle with smooth fins
developing on four sides (for a crystal with fourfold symmetry);
the tip of the needle is characterized by its steady-state growth
velocity, V, and radius of curvature, R, while the fins are
described, in part, by a fourth-order sinusoidal correction to the
parabolic shape with a certain universal amplitude coefficient,
A4; furthermore, a tip selection parameter, sn � 1=ðR2VÞ, can be
defined that depends only on the anisotropy strength of the

crystal, but not on the imposed growth conditions; this side-
branch-less regime exists up to a dimensionless distance from
the tip of z/Ro7–10.

(2) The initial sidebranching regime, where small perturbations
start to develop on the fins; these initial sidebranches are well
described by linear stability theory; the linear sidebranching
regime ends at a dimensional distance from the tip of z/Ro30.

(3) The non-linear sidebranching regime, where the sidebranches
grow and coarsen simultaneously, but have not yet developed
into independent dendrite branches; interestingly, this com-
plex sidebranch structure is still self-similar, in that all
geometric parameters can be scaled by the tip radius, R; the
non-linear sidebranching regime extends to a dimensionless
distance from the tip of z/Ro1/Pe, where Pe� VR is the tip
growth Péclet number; for low melt undercoolings, this
regime can be several hundred tip radii long.

The above insights and theories have seen detailed experi-
mental validation mostly for free dendritic growth of pure
substances, i.e., thermal dendrites. Very few measurements have
been reported for alloy dendrites, whose growth is controlled by
both thermal and solutal gradients. As summarized in Ref. [3], a
number of researchers have performed experiments to measure
the dendrite tip velocity and radius for various transparent alloy
systems [5–10]. Of these studies, only the succinonitrile–acetone
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(SCN–acetone) experiments of Chopra et al. [8] resulted in data
over a sufficiently large range of undercoolings and solute con-
centrations that a detailed comparison with theory is possible.
The data show that with increasing solute concentration the tip
velocity first increases from the purely thermal value, reaches a
maximum at a small but finite acetone concentration, and then
decreases as solutal effects start to dominate. The velocity
increase is accompanied by a sharp decrease in the tip radius.
As shown by Li and Beckermann [11], however, the agreement
with the Lipton et al. (LGK) dendrite tip growth model for alloys
[12,13] is only approximate, even if melt convection is taken into
account. Furthermore, the measured selection parameter, sn,
shows significant scatter with increasing solute concentration,
such that the theory for alloys is still not unambiguously vali-
dated [11]. The only study involving alloy dendrites where the
universal amplitude coefficient, A4, was measured is by Dough-
erty and Lahiri [14], who investigated the tip shape of ammonium
chloride dendrites grown from an aqueous solution. They found
that A4E0.004, which is in agreement with the pure SCN
measurements of LaCombe et al. [15] and the phase-field simula-
tions for a pure substance of Karma et al. [16]. As far as the two
sidebranching regimes are concerned, the lack of experimental
data for freely grown alloy dendrites is also disconcerting.
Dougherty and coworkers [17–19] measured sidebranching for
ammonium bromide, ammonium chloride and pivalic acid (PVA)
dendrites grown from various solutions. They found that the
mean length of the sidebranches, scaled by the tip radius, is
independent of both the growth conditions and the crystalline
anisotropy of the material used, up to several hundred dendrite
tip radii behind the tip. This finding is in agreement with
experimental studies on pure materials, such as SCN, PVA, and
xenon [20–27]. However, no power law scaling was observed by
Dougherty and coworkers.

In the present study, experiments are performed to investigate
free dendritic growth of SCN–acetone alloys. The SCN–acetone
system is well suited for the measurement of dendritic growth
parameters not only because it is transparent, but also because all
relevant thermophysical properties are known accurately and a
large body of data is available in the limit of vanishing solute
concentration (i.e., pure SCN) [15,23–26,28]. We reexamine in
detail the dendrite tip velocity and shape selection for alloys, in
order to obtain better validation of the relevant theories and
improved understanding of the effects of thermosolutal melt
convection. In addition, we measure various geometric integral
parameters of the dendrite sidebranches far from the tip, which
has not been accomplished for alloy dendrites in the past.

2. Experimental setup and procedures

2.1. Experimental setup

The experimental setup is similar to the one employed in the
Isothermal Dendritic Growth Experiments (IDGE) of Glicksman
and coworkers [28] and was built by NASA. The apparatus allows
for the observation of free dendritic growth of SCN–acetone alloys
into an isothermal, undercooled melt. The most important mod-
ifications relative to the IDGE are that the concentration of the
solute (acetone) can be increased after a set of experiments and
that the dendrite can be rotated during the initial growth stages
such that the sidebranch planes are always oriented normal to the
field of view of two orthogonal cameras.

A schematic of the setup is shown in Fig. 1. The experimental
apparatus consists of three major elements: the growth chamber,
the isothermal bath, and the optical equipment. The glass growth
chamber is situated inside of the isothermal bath and consists of

several components: a spherical compartment, a stinger, a void
compensator, a valve, and an acetone reservoir. The spherical
compartment contains the SCN–acetone alloy and the stinger from
which the growth takes place. Initially, the spherical compartment
was filled with 70 cm3 of ultra-pure (99.998%) SCN and sealed
under vacuum. After each set of experiments at a certain solute
concentration, acetone was added to the SCN by briefly opening the
valve to the acetone reservoir. The solute concentration was
determined by measuring the melting point of the alloy (see below).
The dendrites are grown from a stinger that consists of a capillary
tube extending into the growth chamber. Nucleation is achieved by
means of a thermoelectric cooler on the external, closed end of the
stinger. Then, the solid propagates through the tube until it emerges
at the open end of the stinger inside of the spherical compartment
of the growth chamber. Finally, the void compensator, an empty
portion of the growth chamber, accommodates expansion of the
alloy during melting.

The isothermal bath consists of a temperature controlled cylind-
rical tank filled with an ethylene glycol–water mixture. This fluid
mixture matches the refractive index of liquid SCN. The tank has
four optical glass windows through which the dendritic growth is
observed. An electrical heater at the bottom of the tank is used to
heat the fluid in the bath, while a stirrer ensures temperature
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Fig. 1. Schematic of the experimental setup: (a) side view (optical elements

omitted); (b) top view.
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uniformity. Four carefully calibrated thermistors, with a resolution
of 70.001 K, are installed inside of the tank to monitor the
temperature of the fluid. A computer-based data acquisition and
control system to which the thermistors and the electrical heater are
connected is used to maintain the temperature of the bath at a given
set point. The temperature of the fluid in the bath was always
uniform to within 70.003 K around the set point.

The optical equipment consists of two CCD cameras, a lens array,
a lamp, and a LED that are arranged around the isothermal bath as
shown in Fig. 1b. One of the cameras is a high-resolution, 15 fps
monochrome progressive scan CCD camera. Together with the
specially designed long distance microscope lens array, this camera

has a resolution of about 3 mm/pixel. All dendrite shape measure-
ments were performed using images from the high resolution
camera. Two examples of such images are shown in Fig. 2. The
second CCD camera is a low resolution, color video camera that is
oriented at a right angle to the first camera. It was only used to help
determine the orientation and growth direction of a dendrite in
three-dimensional space, as explained further below. Illumination of
the dendrite is supplied by a LED for the high resolution camera and
a tungsten lamp for the low resolution camera.

2.2. Experimental procedure

Before each dendritic growth experiment, the bath temperature
was set to a temperature slightly above the melting point of the
SCN–acetone alloy. This temperature was maintained for up to 12 h
in order to allow for complete homogenization of the melt. Then, the
bath temperature was lowered to the desired undercooling. After
about 1 h, dendritic growth was initiated by briefly turning on the
thermoelectric cooler at the closed end of the stinger.

Once the dendrite emerges at the open end of the stinger inside
of the growth chamber, it undergoes a period where the growth
velocity of the tip continually increases. An example of the evolution
of the tip velocity and radius is shown in Fig. 3. At the beginning of
this velocity ramp-up period, the growth chamber was rotated such
that the dendrite sidebranches were exactly aligned with the
cameras (see Fig. 2). After some time, the dendrite tip velocity and
radius reach constant values. It is this steady growth period that is of
interest in the present study. Eventually, the dendrite starts to
interact with the growth chamber walls and the tip velocity and
radius start changing again.

Before each set of experiments for a certain alloy composition,
the acetone concentration was determined by measuring the melt-
ing point of the alloy in-situ. This was done by slowly raising the
temperature of the bath, until the last solid melted. The properties of
pure SCN and SCN–acetone alloys, including the melting point of
pure SCN and the liquidus slope, are provided in Table 1.

Experiments were performed for five different initial acetone
concentrations, C0: 0.0086 mol% (almost pure SCN), 0.1045 mol%,
0.1710 mol%, 0.3065 mol%, and 0.4976 mol%. The uncertainty in
the four larger acetone concentrations was estimated to be no
more than 70.006 mol%. At each solute concentration, experi-
ments were conducted for up to ten different melt undercoolings,
DT, ranging from 0.1 K to 1 K (70.003 K). For each initial solute
concentration and undercooling, the experiments were repeated
five times. The dendrite tip velocity and shape data presented
below always represent mean values of these replications. The
reported uncertainties are given by the standard deviation of the
individual measurements from the mean.

2.3. Measurement procedures

The dendrite growth velocity and shape measurements were
made using the image sequences acquired by the two cameras
during an experiment. Before performing any measurements,
the images were enhanced by applying a Laplacian of a Gaussian
filter [30]. This step results in a more well-defined contour
representing the solid–liquid interface.

2.3.1. Growth angle and tip velocity measurements

The coordinates of the dendrite tips in the images from the two
cameras were recorded as a function of time and fit to a straight
line. The slopes of these two straight lines, ma and mb, were then
used to determine the growth angles, a and b, in each of the image

Fig. 2. Typical dendrite images obtained from the high-resolution camera for

DT¼0.200 K: (a) C0¼0.0086 mol%; (b) C0¼0.3065 mol%.
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planes according to

a¼ tan�1ð�1=maÞ b¼ tan�1ð�1=mbÞ ð1Þ

The Eulerian growth angle, y, which is defined as the angle
between the primary dendrite growth axis and the (vertical)
gravity vector, is then given by

tan y¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtan aÞ2þðtan bÞ2

q
ð2Þ

The dendrite tip growth velocity, V, was measured solely from
the images of the high resolution camera. First, the vertical velocity
of the tip in the image plane, Vver, was obtained by measuring the
downward tip displacement between subsequent images. The time
interval between each image was chosen such that approximately

100 images were acquired during each experiment. Then, this
velocity was converted to the actual growth velocity using

V ¼ Vver=cos y ð3Þ

An example of these measurements is shown in Fig. 3a, where
the instantaneous growth velocity is plotted as a function of time.
It can be seen that there is some scatter in the velocities, which
stems from the limited resolution of the camera (3 mm/pixel).
In order to obtain a single value of the dendrite tip growth velocity
for each experiment, the instantaneous values during the steady
growth regime were averaged. This average value is indicated
as a bold line in Fig. 3a. The uncertainty in this measurement is
approximately given by the standard deviation of the instantaneous
velocity values from the mean.

2.3.2. Tip shape measurements

Before performing the tip shape measurements, the dendrite
contour in the high-resolution image was rotated and scaled, using
the above angle measurements, such that the growth axis lies on the
image plane. This scaled dendrite contour then represents the actual
dimensions of the dendrite. A coordinate system was assigned to the
dendrite contour as shown in Fig. 4. The dendrite tip coincides with
the origin of the (x,z) coordinate system and the primary dendrite

Table 1
Properties of succinonitrile and succinonitrile–acetone alloys [8,11,29].

Material Symbol Property Value

Succinonitrile Tm Melting point 331.231 K

a Liquid thermal diffusivity 1.134�105 mm2/s

G Gibbs–Thomson coefficient 6.525�10�2 Kmm

Lf/cp Unit supercooling 23.13 K

d0 Capillary length 2.821�10�3 mm

Pr¼n/a Prandtl number 23.1

Succinonitrile– D Liquid mass diffusivity 1.27�103 mm2/s

acetone alloy m Liquidus slope �2.45 K/mol%

k Partition coefficient 0.103 mol%/mol%

bT Thermal expansion coefficient 7.91�10�4/ K at Tm

bC Solutal expansion coefficient 1.68�10�3/ mol%

at Tm

R

Xact

F U

Envelope

z

x

Fig. 4. Schematic of the coordinate system and the various dendrite parameters

measured in the present study.
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axis is aligned with the z axis. Care was taken to ensure that the
length scale in the coordinate system correctly reflects the above
scaling.

The tip shape measurements were performed using a super-
position of ten consecutive images from the steady growth period.
By using multiple images, the effects of noise, due to limited
image resolution and perturbations in the shape, are much
reduced. The coordinates of the scaled dendrite contours from
the ten images were regressed to the following fourth-order
polynomial

z¼ c1x2�c2x4 ð4Þ

using the so-called robust fitting method [31]. The robust fitting
method reduces the influence of outliers on the regression. The
fourth-order polynomial fit is motivated by the theory of Ben
Amar and Brener [32], who derived the following universal
relation for the width of the fins of a non-axisymmetric needle
crystal close to the tip

z

R
¼

1

2

x

R

� �2

�A4
x

R

� �4

ð5Þ

Hence, the dendrite tip radius of curvature, R, and fourth-order
amplitude coefficient, A4, are given, respectively, by

R¼
1

2c1
ð6Þ

A4 ¼ c2R3
ð7Þ

When performing the fits, it is important to choose a mean-
ingful fitting range. The dendrite contours were regressed up to a
distance, z, of between 2R and 11R from the tip. Examples of the
variations of R and A4 with the fitting range are shown in Fig. 5.
Results are shown for two experiments: (1) almost pure SCN
(C0¼0.0086 mol%) with DT¼0.1 K, and (2) a higher solute con-
centration (C0¼0.1045 mol%) with DT¼0.125 K. Rotated and
scaled images of the dendrite contours (near the tip) for these
two experiments are shown in Fig. 6. For comparison purposes,
the dendrite contours were also fit to a parabola, by setting A4¼0.

Focusing first on the experiment with almost pure SCN, Fig. 5a
shows that the tip radius varies by about 3% for fitting ranges
between 6oz/Ro10. This insensitivity of the tip radius to the
fitting range greatly reduces the uncertainty in this measurement.
A parabolic fit gives a larger variation of about 9% over the same
fitting ranges, indicating that such a fit is less appropriate for the
dendrite tip shape in the plane of the fins. It can also be noticed
that the parabolic tip radius is up to 20% larger than the tip radius
obtained from the fourth-order polynomial fit. Fig. 5b shows that
the amplitude coefficient, A4, varies from about 0.0052 to 0.0043
for the fitting range increasing from z/R¼6 to 10. A similar
sensitivity of A4 to the fitting range and was also observed in the
phase-field simulations for a pure substance of Karma at al. [16].
Choosing a larger fitting range, in order to overcome this sensitiv-
ity, is prevented by the fourth-order polynomial fit strongly
diverging from the dendrite shape for z/R greater than about 11
to 14, depending on the value of A4. This is illustrated by the
(green) dotted lines in Fig. 6. Furthermore, as can be seen from the
dendrite image in Fig. 6a, the first sidebranches start to appear at
about z/R¼10. The fin amplitude coefficient A4 has little meaning
in the presence of significant sidebranching. Therefore, a fitting
range of z/R¼10 was chosen for all of the present tip shape
measurements.

For the higher solute concentration (C0¼0.1045 mol%), Fig. 5a
shows a similar insensitivity of the tip radius to the fitting range.
The tip radius varies by only 2% for fitting ranges between 6o
z/Ro10 (again, the parabolic fit is less appropriate). This insensi-
tivity is remarkable, because in all experiments with finite solute

concentrations (C040.1 mol%), small sidebranches start to appear
at about z/R¼6, as opposed to z/R¼10 for almost pure SCN.
Fitting the tip shape to a fourth-order polynomial even in the
presence of sidebranches (for 6oz/Ro10) is made possible in the
present study by the use of a superposition of ten consecutive
dendrite images and the robust fitting method. However,
a problem is encountered when trying to determine A4 for the
alloy experiments. For the experiment with C0¼0.1045 mol%,
Fig. 5b shows the same large variation of A4 with the fitting range
as for almost pure SCN, although the values are slightly higher.
Using A4 values for fitting ranges of z/Ro6 is inappropriate,
because the fitted dendrite shape is, within the measurement
uncertainty, indistinguishable from a parabolic fit (A4¼0). This is
demonstrated by the green and red dotted lines in Fig. 6. On the
other hand, using a fitting range of z/R46 is questionable because
of the presence of sidebranches in the alloy experiments. It could
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be argued that the initial sidebranching instability is small enough
that the use of the mean dendrite shape from ten images allows for
a fitting range of z/R up to about 10 (see Fig. 6b), but the resulting
uncertainty would be large. Hence, due to the presence of ‘‘early’’
sidebranching, data for the amplitude coefficient A4 for alloys are
not reported in the present study. Nonetheless, it may be surmised
from Fig. 5b that at z/R¼10, the value of A4 for alloys is close
(within 15%) to the one for almost pure SCN.

2.3.3. Sidebranching measurements

The overall extent of the sidebranches of a dendrite can be
described by the width of the dendrite envelope in the sidebranch
plane, Xact(z), as illustrated in Fig. 4. The dendrite envelope is a
smooth curve connecting the tips of the actively growing side-
branches. A sidebranch is defined as active when it is longer than
the next active sidebranch closer to the tip. The envelope width is
then obtained by measuring the length (from the dendrite axis) of
the actively growing sidebranches. Li and Beckermann [23]

measured the envelope width for pure SCN dendrites grown in
microgravity and found that in the self-similar regime, Xact(z)
follows a simple power law with distance from the tip. This power
law is independent of undercooling when all lengths are normal-
ized by the dendrite tip radius. Such a power law is also measured
in the present study of SCN–acetone dendrites grown on earth, in
order to examine if the same power law holds for alloys and in the
presence of convection.

Dendrite envelopes, as defined here, have been found to be
useful in a variety of averaged models of solidification grain
structure development [34–39]. This is the case because their
evolution can be described by dendrite tip growth models. These
growth models only apply to actively growing tips. The shorter,
inactive sidebranches grow much slower or are even shrinking (see
Fig. 2), so their length is no longer related to dendritic growth.
Steinbach et al. [36], in particular, demonstrate how the envelope
shape measured by Li and Beckermann [23] can be used to validate
a so-called mesoscopic model of dendritic growth that predicts the
envelope evolution for an entire three-dimensional dendrite. From
this point of view, it is unclear why Dougherty and coworkers
[17–19], Corrigan et al. [24], and Giummarra et al. [26] included the
inactive sidebranches in their sidebranch envelope measurements.
Corrigan et al. [24] claim that by including all sidebranches (active
and inactive), a ‘‘true’’ sidebranch envelope is obtained, because the
shorter sidebranches still affect the ‘‘thermal field and the process
in general’’. While this may be true for the region between the
sidebranches, which is more or less isothermal, the inactive side-
branches do not affect the tip growth of the active sidebranches, as
shown by Steinbach et al. [36]. Note from Fig. 2 that the length of
most inactive sidebranches is a small fraction of the length of a
neighboring active sidebranch. If these short and shrinking side-
branches were included in the envelope measurements, the envel-
ope motion could no longer be described by dendrite tip growth
models. Hence, despite the inability to compare our envelope
measurements directly to those of other researchers, the envelope
definition involving only active sidebranches is retained here.

It is also desirable to measure the mean width of the sidebranch
structure of a dendrite, including not only the peaks (i.e., the
sidebranch tips) but also the valleys close to the primary stem
(see Fig. 2). The motivation behind such a measurement is the
theory of Brener [33] for the shape of a thermal non-axisymmetric
needle crystal far from the tip (z/R41), where the heat flow along
the dendrite axis can be neglected. According to this theory, the
width of the four fins is given by the following power law

z

R
¼

3

5

x

R

� �5=3

ð8Þ

The three-dimensional phase-field simulations of Karma et al.
[16] showed that for thermal dendrites without sidebranches, this
power law fits the computed fin shape up to distances from the tip
of at least z/R¼20. However, as noted in the previous subsection and
seen in Fig. 6, sidebranches start to develop on the fins at z/RE10
for pure SCN and z/RE6 for SCN–acetone alloys. Then, it is more
appropriate to average the sidebranch structure and compare the
mean width of a dendrite in the sidebranch plane to Brener’s power
law. Due to the complex morphology of the sidebranches, it is
difficult to measure such a mean dendrite width. It is much easier to
measure the variation of the projection area, F, of a dendrite in the
sidebranch plane with distance from the tip. The definition of the
projection area is illustrated in Fig. 4. Brener’s prediction for the
projection area, obtained by integrating Eq. (8), is given by

F

R2
¼ 0:85

z

R

� �3=5þ1

ð9Þ

Li and Beckermann [25] found that for pure SCN dendrites
grown in microgravity, the above power law holds to within
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measurement uncertainty up to z/R¼30, thus verifying Brener’s
power law, Eq. (8). Recall that z/R¼30 marks the end of the linear
sidebranching regime. At larger distances from the tip, in the non-
linear sidebranching regime, Li and Beckermann [25] found that
the projection area still follows a power law like Eq. (9), but the
pre-factor and exponent changed, respectively, to 0.58 and 1.72
(instead of 3/5þ1¼1.6). In the present study, the variation of the
projection area is measured for the first time for alloy dendrites,
in order to determine if such dendrites obey the same power law
as purely thermal dendrites. In addition, since the present
experiments are performed in earth’s gravitational field, the effect
of melt convection can be examined.

The complex nature of the interfacial morphology in the non-
linear sidebranching regime (z/R430) can be described, in part,
by the contour length, U, of the solid–liquid interface in the
sidebranch plane. This quantity is also illustrated in Fig. 4. The
contour length can be viewed as a measure of the fineness of the
sidebranch structure, as governed by the simultaneous growth
and coarsening processes occurring far from the dendrite tip. Li
and Beckermann [23,25] found that, when scaled by the dendrite
tip radius, the contour length of a purely thermal dendrite obeys a
universal power law for its variation with distance from the tip in
the non-linear sidebranching regime. Such measurements are
repeated here for alloy dendrites using the scaled and rotated
high-resolution images acquired in the present experiments.

3. Review of free dendrite tip growth models for alloys

Before presenting the experimental results, it is useful
to briefly review the Lipton–Glicksman–Kurz (LGK) [12,13] and
Li–Beckermann (LB) [11] dendrite tip growth models for alloys,
since the present measurements of the tip velocity and radius will
be extensively compared to these theories. The LGK model is valid
for free dendritic growth of alloys at low undercoolings, but assumes
purely diffusive heat and solute transport in the melt. The LB model
is a simple modification to the LGK model to account for thermo-
solutal natural convection in the melt.

Neglecting kinetic effects, the total imposed undercooling, DT,
is given by the sum of the thermal, DTT, solutal, DTC, and
curvature, DTR, undercoolings as

DT ¼DTTþDTCþDTR ð10Þ

Dimensionless thermal and solutal undercoolings can be defined,
respectively, as

OT ¼
Tn

t�T0

Lf =cp
and OC ¼

Cn

t�C0

Cn

t ð1�kÞ
ð11Þ

where Lf is the latent heat of fusion, cp is the liquid specific heat, k is
the partition coefficient, T0 and C0 are the initial or far-field melt
temperature and solute concentration, respectively, and Tn

t and Cn

t

are the temperature and solute concentration in the liquid at the
dendrite tip, respectively. Using the Gibbs–Thomson relation for the
curvature undercooling, Eq. (10) can be rewritten as

DT ¼
Lf

cp

� �
OTþ

kDT0OC

1�ð1�kÞOC
þ

2G
R

ð12Þ

where G is the Gibbs–Thomson coefficient and DT0¼mC0(1�1/k) is
the equilibrium freezing temperature range of the alloy, in which m

is the liquidus slope.
The dimensionless undercoolings are obtained as a function of

the growth Péclet numbers from an appropriate transport theory.
The thermal and solutal growth Péclet numbers are defined,
respectively, as PeT¼VR/2a and PeC¼VR/2D, where a and D are
the thermal and mass diffusivities, respectively, of the liquid. In
the LGK model, the Ivantsov solution [40] for steady diffusion

around a growing paraboloid of revolution is used. In the LB
model for convection, the stagnant film solution of Cantor and
Vogel [41] is employed, in which the dimensionless thermal and
solutal undercoolings are calculated from

OT ¼ PeT expðPeT ÞfEIðPeT Þ�EI½PeT ð1þ2dT=RÞ�g ð13Þ

OC ¼ PeC expðPeCÞfEIðPeCÞ�EI½PeCð1þ2dC=RÞ�g ð14Þ

where EI is the exponential integral function and dT and dC are the
thermal and solutal boundary layer thicknesses, respectively.
Note that for dT=R-1 and dC=R-1, Eqs. (13) and (14) reduce
to the Ivantsov solution. In the LB model, the boundary layer
thicknesses are obtained from the following laminar thermoso-
lutal natural convection correlations

dT

R
¼ 2:2 ðRaT Þ

�1=4 1þ
Nffiffiffiffiffi
Le
p

� ��1=4

ð15Þ

dC

R
¼ 2:2 ðRaCÞ

�1=4 1þ

ffiffiffiffiffi
Le
p

N

 !�1=4

ð16Þ

where Le¼a/D is the Lewis number. The buoyancy parameter, N,
the thermal Rayleigh number, RaT, and the solutal Rayleigh
number, RaC, are defined, respectively, as

N¼
bCðC

n

t�C0Þ

bT ðT
n

t�T0Þ
ð17Þ

RaT ¼
bT gðTn

t�T0ÞR
3

an ð18Þ

RaC ¼
bCgðCn

t�C0ÞR
3

Dn ð19Þ

where bC is the solutal expansion coefficient, bT is the thermal
expansion coefficient, and n is the kinematic viscosity of the liquid,
while g is the gravitational acceleration. The constant 2.2 in Eqs. (15)
and (16) was determined by calibrating the LB theory against
the terrestrial dendritic growth experiments for pure SCN by Koss
et al. [28]. In those experiments the dendrites grew approximately,
but not exactly in a downward direction (in the direction of the
gravity vector). Since in natural convection the heat or solute
transport depends strongly on the orientation of the body with
respect to gravity, the constant 2.2 can be expected to be different
for other growth directions.

The LGK and LB models use the same dendrite tip shape
selection criterion, which for free growth of alloy dendrites can
be written as [1]

sn ¼
d0

R
2PeC

kDT0=ðLf =cpÞ

1�ð1�kÞOC

� �
þPeT

� ��1

ð20Þ

where d0¼G/(Lf/cp) is the capillary length. According to Trivedi
and Kurz [1], the selection parameter, sn, is independent of the
undercooling and the alloy composition.

4. Results and discussions

4.1. Dendrite tip growth velocity and radius

The measured dendrite tip growth velocities and radii are plotted
as a function of the undercooling in Figs. 7 and 8, respectively,
as solid circles. The data for each of the five initial acetone
concentrations are presented in separate sub-figures. The measure-
ments are compared to both the LGK (dashed lines) and LB (solid
lines) models. The lines represent the model predictions for
sn
¼0.02. This value of the selection parameter represents an

approximate mean of the sn values measured at low undercoolings
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(see below). The open triangles represent the predictions of the LB
model using the sn that was actually measured for a particular
undercooling and alloy composition.

Figs. 7 and 8 show that, as expected, the tip velocity increases
and the tip radius decreases with increasing undercooling. Over-
all, excellent agreement is obtained between the measurements
and the predictions of the LB model, which accounts for melt
convection. At low undercoolings, large discrepancies with the

LGK model can be observed, indicating that melt convection plays
an important role. In fact, at an undercooling of 0.1 K, the measured
dendrite tip velocities are up to a factor of four higher than the
predictions from the diffusion theory. As the undercooling increases
to about 1 K, the lines representing the LGK and LB models merge,
indicating that melt convection plays almost no role. While this
behavior has been previously reported for dendritic growth of pure
substances [28], the present measurements indicate that it is also
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true for alloy dendrites. Some discrepancies between the dendrite
tip velocity and radius measurements and LB model predictions can
be observed at the two highest solute concentrations (C0¼0.3065
mol% and 0.4976 mol%). As discussed below, these differences are
likely due to inaccuracies in the LB model for convection.

In Figs. 9a and b, the measured and predicted dendrite tip
growth velocities and radii are plotted, respectively, as a function
of the initial solute concentration, C0. The two plots are for an
undercooling equal to 0.5 K, but some of the measurements are at

slightly higher undercoolings. Fig. 9a shows that with increasing
solute concentration, the tip velocity first sharply increases,
reaches a maximum around C0¼0.1 mol%, and then gradually
decreases. Overall, the tip velocity measurements are in reason-
able agreement with the LB model, although at higher solute
concentrations some disagreement can be observed. The LGK
model, which neglects melt convection, does generally not pro-
vide good agreement, especially at low solute concentrations. The
tip radii, shown in Fig. 9b, decrease sharply with increasing solute
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concentration and until they reach an approximately constant
value for C0Z0.1 mol%. The tip radius measurements are also
in much better agreement with the LB model than with the
LGK model.

4.2. Dendrite tip Péclet number

The transport part of the dendrite tip growth models can be
better examined by comparing the measured and predicted growth
Péclet numbers. This is because the Péclet number depends only
weakly on the tip selection parameter. In the absence of convection,
the Péclet number can be calculated directly from the knowledge of
the undercooling (i.e., through the Ivantsov solution), and no knowl-
edge of sn is necessary. In the presence of convection, a weak

dependence on sn exists due to the tip radius appearing indepen-
dently in the expressions for the boundary layer thicknesses [see
Eqs. (15)–(19)]. Measured Péclet numbers are simply obtained by
substituting a measured dendrite tip velocity and radius pair into
the expression PeT ¼ VR=2a. Note that the solutal Péclet number is
related to the thermal Péclet number by a constant multiplier equal
to the Lewis number, LeE90.

Fig. 10 shows the measured and predicted thermal Péclet
numbers as a function of the undercooling for each of the five
initial solute concentrations. The measurements and the predictions
show the expected increase of the Péclet number with increasing
undercooling. The excellent agreement of the measured Péclet
numbers with the LB model, together with the poor agreement
with the LGK model, indicates that the convection correlations used
in the LB model are generally accurate and appropriate for the
present experiments. Note that the differences between the predic-
tions of the LB model using sn

¼0.02 (solid line) and using the
measured sn (open triangles) are indeed negligibly small.

The agreement is somewhat less favorable at the two highest
solute concentrations (see Figs. 10d and e). This may be attributed
to the fact that the LB model was calibrated by matching its
predictions with data that are available for terrestrial growth of
pure SCN dendrites only [11]. In the present experiments with
almost pure SCN (C0¼0.0086 mol%), as well as in the experiments
with the next two higher solute concentrations (C0¼0.1045 mol%
and 0.1710 mol%), the dendrites grew approximately downward,
with an average Eulerian angle of 151. This can be seen from the
histogram of the measured Eulerian angles shown in Fig. 11. Since
for these three initial compositions the measured and predicted
Péclet numbers agree almost perfectly (especially at low under-
coolings where convection effects are most important), it can be said
that the convection correlations in the LB model, given by Eqs. (15)
and (16), are well calibrated for growth angles of 151751. However
for the experiments with the two highest initial solute concentra-
tions (C0¼0.3065 mol% and 0.4976 mol%), Fig. 11 shows that the
average Eulerian growth angle was significantly higher, about 211.
In fact, 80% of the dendrites grew with an Eulerian angle greater
than 151. Based on the results for the angle dependency of the
dendrite growth velocity presented in Badillo et al. [37], the less
favorable agreement between the measured and predicted Péclet
numbers for the two highest solute concentrations can readily be
attributed to the observed differences in the growth angle with
respect to gravity. Including the growth angle dependency in the LB
model is outside the scope of the present study.

4.3. Dendrite tip selection parameter and amplitude coefficient

The dendrite tip selection parameters measured in the present
experiments are plotted in Fig. 12 as a function of the undercooling.
A measured sn is obtained by substituting a measured dendrite tip
growth velocity and radius pair into Eq. (20). However, the dimen-
sionless solutal undercooling, OC, in Eq. (20) needs to be calculated,
since the solute concentration at the tip, Cn

t , is not measured. This
is accomplished using Eq. (14) with measured V and R data.
The uncertainty bar shown for each sn in Fig. 12 represents the
standard deviation of the five repeats of each experiment, and
includes the uncertainties in the measured dendrite tip growth
velocity and radius.

Fig. 12 shows that sn decreases from a mean value of about 0.02
at undercoolings close to 0.1 K to about 0.012 at undercoolings
approaching 1.0 K. Similar values for sn and a similar dependency
on the undercooling have been measured previously by Glicksman
and coworkers for pure SCN [28] and, more recently, for pure PVA
[42]. The present experiments show that within the measurement
uncertainty there is no discernable effect of the alloy composition on
the selection parameter, i.e., sn is not a function of C0. This result is
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in agreement with the present tip shape selection theory for free
growth of alloy dendrites, Eq. (20) [1]. The authors are not aware of
a previous unambiguous experimental validation of this part of the
theory. The alloy data of Chopra et al. [8] exhibit a large scatter of sn

with C0 [11]. Since the melt convection in the present experiments
depends strongly on the undercooling and the alloy composition, it
follows that the selection parameter for alloys is also independent of
the convection intensity. This finding is in agreement with the

measurements of Glicksman and coworkers who compared pure
substance sn data for dendrites grown in microgravity and on earth
[28,42].

The fourth-order amplitude coefficients, A4, measured in the
present study for almost pure SCN are plotted in Fig. 13 as a
function the undercooling. As discussed in Section 2.3.2, no data
are reported here for the more concentrated alloys due to the
early onset of sidebranching. Fig. 13 shows that within the
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measurement uncertainty, the amplitude coefficient is constant and
equal to 0.004. This is the same value as determined by Karma et al.
[16] using phase–field simulation (dashed line). It is different from
the microscopic solvability theory (MST) value of 1/96¼0.0104 [43]
(solid line), which apparently is in error. Karma et al. [16] obtained
good agreement of their prediction of A4 with the pure SCN dendrite
tip shape measurements of LaCombe et al. [15]. However, those
measurements were for a single undercooling. A slight decrease of A4

with increasing undercooling may be inferred from Fig. 13, but such a
decrease cannot be confirmed due to experimental uncertainty. It
was not possible to measure A4 to within a reasonable uncertainty for
undercoolings greater than 0.6 K, because the dendrite tip becomes
too small (Ro10 mm).

4.4. Dendrite sidebranch scaling

The sidebranching parameters measured in the present study
are shown in Figs. 14–16. In each of these figures, the data for
almost pure SCN are plotted in a different graph from those for
the more concentrated SCN–acetone alloys. This is necessary
because the pure substance and alloy data follow potentially
different scaling laws. One reason for such a difference could be
that the onset of sidebranching for alloy dendrites occurs closer to
the tip than for pure substances. All sidebranching parameters are
non-dimensionalized using the measured dendrite tip radius, R,
and plotted against the normalized distance from the dendrite tip,
z/R. In this way, the data for different experiments, covering
a range of initial solute concentrations and undercoolings, can
be plotted in a single graph. For distances from the tip of 1o
z/Ro10, Brener’s [33] non-axisymmetric needle crystal solution
for the shape of the fins, Eq. (8), is included in each figure. This
helps to visualize how a needle crystal evolves into a sidebranch-
ing dendrite. The sidebranching measurements start at z/R¼10
and extend to about z/R¼300. In this range, the present data are
fitted to simple power laws (hence, a log–log scale is used in all
graphs) and compared to the sidebranch scaling laws obtained
previously for pure SCN dendrites grown in microgravity [23,25].
Hence, the effects of convection and of alloy composition can be
examined.

The measured sidebranch envelope widths, Xact, are plotted in
Fig. 14. Excellent scaling can be observed for both the almost pure
SCN data (Fig. 14a) as well as for the SCN–acetone alloy data
(Fig. 14b). The fit of the almost pure SCN data for z/R410 is given by

Xact

R
¼ 0:60

z

R

� �0:92

ðalmost pure SCNÞ ð21Þ

This fit merges smoothly to the needle crystal solution at
z/R¼10, which is the location of the onset of sidebranching for
pure SCN. For pure SCN dendrites grown in microgravity, the pre-
factor in the scaling law is given by 0.67 and the exponent by 0.86
[23]. Hence, in the presence of natural convection the sidebranch
envelope is wider than in an essentially convection free environ-
ment, but the difference is small and becomes significant only for
large z/R (see Fig. 14a). The fact that melt convection tends to
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widen the envelope was also observed by Corrigan et al. [24] for pure
SCN and by Giummarra et al. [26] for pure PVA. As explained in
Section 2.3.3, our envelope measurements cannot be directly com-
pared to this previous data. The fact that convection widens the
dendrite envelope can be qualitatively explained as follows. In
general, convection tends to increase dendrite tip growth velocities,
as already shown by the measurements for the primary tip presented
in Fig. 7. The growth direction of the primary tip is approximately
aligned with the flow direction, since the flow near the tip is in the
direction of gravity. The active sidebranches, however, grow primarily
in a horizontal direction, while the melt flow along the sides of the
dendrite is still mostly in the vertical direction. As shown by Badillo

et al. [37], for flow normal to the growth direction, the effect of
convection on the dendrite tip velocity is very small. Since the
dendrites in the present experiments do not grow exactly downward,
and the flow near the active sidebranches is not exactly normal to
their growth direction, some enhancement of the sidebranch growth
due to convection can still be expected.

The scaling law for the envelope width measured in the
present experiments with the four different SCN–acetone alloys
is given by

Xact
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z

R
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Fig. 14. Measured normalized envelope width (Xact/R) as a function of the

dimensionless longitudinal distance from the tip (z/R): (a) C0¼0.0086 mol%

(almost pure SCN), (b) 0.1045 mol%rC0r0.4976 mol% (SCN–acetone alloys).
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As can be seen from Fig. 14b, this fit merges to the needle
crystal solution at z/RE5, as opposed to z=R¼ 10 for pure SCN.
The difference can be attributed to the earlier onset of side-
branching for the alloy dendrites. Also note that the exponent in
Eq. (22) is virtually the same as the one in the envelope width
scaling law for pure SCN dendrites grown in microgravity [23].
Hence, in Fig. 14b the lines representing the two scaling laws are
almost parallel. However, the pre-factor is larger (0.84 compared
to 0.67), showing that at any given normalized distance from the
tip the envelope of SCN–acetone alloy dendrites is about 25%
wider than the one for pure SCN dendrites grown in microgravity.
This difference is not due to faster sidebranch tip growth of alloy

dendrites, but simply due to the earlier onset of sidebranching. The
effect of convection on the growth of the active sidebranches
appears to be small. Comparing Figs. 14a and b, it can be seen that
the difference between the two scaling laws given by Eqs. (21)
and (22) is significant only for z/Ro100. For z/R4100, the normal-
ized envelope widths of almost pure SCN and SCN–acetone alloy
dendrites grown on earth are approximately the same (and about
25% larger than those of dendrites grown in microgravity).

The measured dendrite projection areas are plotted in Fig. 15 as a
function of distance from the primary tip. Excellent scaling of the
data by the primary tip radius can be observed for all undercoolings
and alloy concentrations, with the scaling laws given by

F
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¼ 0:56

z

R

� �1:73

ðalmost pure SCNÞ ð23Þ

F

R2
¼ 0:58

z

R

� �1:77

ðSCN�acetone alloysÞ ð24Þ

The difference between these two scaling laws is very small
(see Figs. 15a and b), if not negligible, and all data could have
been fitted to the same power law. The earlier onset of side-
branching for alloy dendrites compared to pure substance den-
drites has apparently no effect on the projection area. Recall that
Brener’s prediction for the projection area of a needle crystal,
Eq. (9), was found by Li and Beckermann [25] to hold up to
z/R¼30, despite the presence of significant sidebranching in the
region 10oz/Ro30. In other words, in the linear sidebranching
regime, the projection area is generally independent of any
sidebranching activity. This explains why the present projection
area results for almost pure SCN and SCN–acetone alloys can be so
similar, despite the difference in the onset of sidebranching. This
similarity is then maintained for larger distances from the tip (i.e.,
30oz/Ro300). The exponent in the above scaling laws for the
projection area, Eqs. (23) and (24), is equal to about 1.75. This
value is higher than Brener’s prediction of 1.6 for the projection
area of a non-axisymmetric needle crystal in the plane of the fins
[see Eq. (9)], but the difference is not large. Hence, even at very
large distances from the tip, a sidebranching dendrite has a
projection area that is only marginally higher than that of a
needle crystal (�20% larger at z/R¼100; �40% larger at
z/R¼300). The effect of melt convection on the projection area
can be examined by comparing the scaling laws given by Eqs. (23)
and (24) to the one obtained by Li and Beckermann [25] for SCN
dendrites grown in microgravity. As shown in Fig. 15, the
difference is negligibly small. The pre-factor of 0.58 and the
exponent of 1.72 found by Li and Beckermann [25] are, to within
measurement uncertainty, the same as the ones in Eqs. (23) and
(24). In Ref. [25], the uncertainties in the pre-factor and exponent
are stated to be equal to 0.04 and 0.03, respectively. Similar
uncertainties are expected here. In summary, the scaled projec-
tion area and, thus, the mean width of sidebranching dendrites
are given by a single power law, regardless of the undercooling,
alloy composition, and convection intensity.

The dendrite contour lengths measured in the sidebranching
region are plotted in Fig. 16 as a function of distance from the
primary tip. The scaling by the primary tip radius approximately
collapses the data to a single line for all undercoolings and alloy
concentrations. The scaling laws are given by
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Fig. 16. Measured normalized contour length (U/R) as a function of the dimen-

sionless longitudinal distance from the tip (z/R): (a) C0¼0.0086 mol% (almost pure

SCN), (b) 0.1045 mol%rC0r0.4976 mol% (SCN–acetone alloys).
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[25] for SCN dendrites grown in microgravity. Hence, the effect of
convection on the contour length of the sidebranches is negligibly
small. Fig. 16b shows that the contour length data for the SCN–
acetone alloys fall somewhat below the pure SCN data, but
the difference appears to be insignificant. Hence, as with the
projection area, the scaled contour length of the sidebranches is
approximately given by a single power law, regardless of the
undercooling, alloy composition, and convection intensity.
As discussed in Ref. [25], the contour length of the sidebranches
is the result of a complex interplay of growth and coarsening
processes. The present study shows that these processes are of a
rather universal nature.

5. Conclusions

The present terrestrial SCN–acetone alloy dendritic growth
experiments yield numerous new data that allow for both the
validation of existing theories and the generalization of previous
scaling laws. It is found that the LGK model [12,13], modified by
Li and Beckermann [11] to account for thermosolutal natural
convection in the melt, for the operating state of the tip of freely
grown alloy dendrites applies well to the present experiments. The
comparison of measured and predicted tip growth Péclet numbers
shows that some modification of the LB convection model may be
needed to better account for the angle between the growth direction
and gravity. The single most important finding of the present study
is that the tip selection parameter, sn, is indeed independent of the
solute concentration of the alloy; previous experiments did not
conclusively validate this aspect of the theory. However, a relatively
strong dependence of sn on the undercooling is observed, which
points to some deficiency in the LGK model. The fourth-order
universal amplitude coefficient for the fins close to the dendrite
tip, A4, is confirmed to be equal to 0.004 over a range of under-
coolings, but its unambiguous measurement for alloys is prevented
by the early onset of sidebranching.

The present sidebranching measurements reveal that melt
convection tends to widen the sidebranch envelope, but this
effect becomes apparent only at large distances from the tip.
Furthermore the same scaling law for the envelope width is
obtained for alloys as for pure substances, except that the alloy
envelope at any given distance from the tip is 25% wider than the
one for pure substances due to the earlier onset of sidebranching.
On the other hand, a single scaling law was found to exist for the
projection area of the sidebranch structure, which is directly
related to the mean width of a sidebranching dendrite (including
all tips and valleys). This scaling law is valid for all solute con-
centrations (including pure substances), undercoolings, and con-
vection intensities (including microgravity). Similarly, the contour
length of the sidebranch structure is, at least approximately, also
given by a single scaling law. This indicates that the sidebranch
structure of alloy dendrites far from the tip is indeed self-similar
and obeys certain universal scaling laws. Previous studies did
not establish this fact for alloy dendrites over a range of solute
concentrations.
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