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A two-phase truncated-Scheil-type model is developed for columnar solidification of binary alloys in the presence
of melt convection and liquid undercooling ahead of the primary dendrite tips. The model is derived from a three-
phase model, which takes into account liquid undercooling ahead and behind the primary tips. These models
are used to simulate a numerical solidification benchmark problem, and their predictions are compared with
those of a Scheil-type model that disregards liquid undercooling and solute diffusion in solid. Simulation results
reveal that the predictions of the truncated-Scheil-type and three-phase models are nearly identical, indicating
that undercooling behind the primary tips can be disregarded and the truncated-Scheil-type model can replace
the significantly more complex three-phase model. The truncated-Scheil-type and three-phase models smoothly
recover the Scheil-type model as the value of the dendrite tip selection parameter is increased. Taking into
account liquid undercooling changes the melt convection pattern around the columnar front and the form of
channel segregates but does not change the overall macrosegregation pattern.

1. Introduction

Solidification of metals and alloys is important in industrial processes
such as metal casting, additive manufacturing, and welding. On Earth,
where gravity is present, solidification typically occurs in the presence
of buoyancy-driven melt convection (i.e., double diffusive natural con-
vection), which is generated due to the dependence of the liquid density
on temperature and/or solute concentration in the liquid. Melt convec-
tion changes the temperature distribution during solidification and is
typically the main reason for the formation of a type of casting defect
known as macrosegregation, which refers to solute composition inho-
mogeneities at the macroscale. In addition, melt convection is the only
reason for the formation of a critical casting defect known as chan-
nel segregates, which are narrow, pencil-like macrosegregation patterns
that are highly enriched by solute elements. Macrosegregation deterio-
rates the quality of cast products, and the presence of channel segregates
might result in rejection of those products. Predicting these defects us-
ing computer models is therefore critical for the industry, and this can
be achieved only if melt convection is incorporated into computational
models.

Incorporating melt convection in macroscopic solidification models
to simulate macrosegregation and channel segregates was pioneered by
Beckermann and Viskanta [1,2] and Bennon and Incropera [3,4] in the
mid-1980s and has since been the subject of numerous studies. For a
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comprehensive review, the reader is referred to Beckermann [5] and
Ludwig et al. [6] and references therein. Most studies have, however,
used models that entirely neglect the constitutional undercooling of the
liquid, hereafter referred to as liquid undercooling. During solidifica-
tion, because heat and/or solute diffusion rates are limited, the liquid
typically becomes undercooled locally: its local temperature becomes
less than the local liquidus temperature corresponding to the local so-
lute concentration in the liquid. Accounting for liquid undercooling is, in
general, important because liquid undercooling is the key in determin-
ing the position of the primary dendrite tips, and important phenomena
such as nucleation of equiaxed grains can be predicted only if liquid
undercooling is taken into account. The main reason that neglecting lig-
uid undercooling has been a common assumption in the literature is
that models making that assumption have the advantage of a relatively
simple numerical implementation, leading to their extensive use in the
literature. As examples of recent and highly relevant studies, Carozzani
et al. [7] and Saad et al. [8] used such a macroscopic model to sim-
ulate solidification in the presence of melt convection in a solidifica-
tion benchmark experiment and during directional solidification of in-
dium 75 wt. pct. gallium, respectively. Kumar et al. [9,10] used a similar
model to investigate the effects of the mesh size, numerical treatment
of the permeability term in the liquid momentum equation, and the in-
clusion of the inertia term in that equation on the predicted macroseg-
regation and channel segregates. Bellet et al. [11] proposed a numerical
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Fig. 1. A schematic of two adjacent columnar dendrites (black) and their shape
approximated in the Scheil (dotted blue), truncated-Scheil (solid blue), and
three-phase models (red).(For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

benchmark problem for solidification of binary alloys in the presence
of melt convection. Combeau et al. [12] compared the predictions of
the different computer codes for that benchmark problem. Again, these
studies have all disregarded liquid undercooling.

To account for liquid undercooling in macroscale solidification mod-
els, Flood and Hunt [13] introduced the so-called truncated-Scheil
model. The term Scheil, in that paper and this one, is used to refer to
models that account for neither solute diffusion in solid nor liquid un-
dercooling. Fig. 1 shows a schematic of two adjacent columnar dendrites
(black), hereafter referred to as dendrites, and their shape approximated
in the Scheil (dotted blue) and truncated-Scheil (solid blue) models. In
both models, the liquidus isotherm (thin vertical dashed line) is at the
same position. In the Scheil model, the primary tips of the dendrites are
located at the liquidus isotherm; therefore, in that model, solidification
starts at the liquidus temperature. In the truncated-Scheil model, how-
ever, the primary tips of the dendrites are located at a distance behind
the liquidus isotherm, and the imaginary surface that connects them is
termed the columnar front (i.e., the thick vertical dashed line). Note
that, behind the columnar front, the shape of the dendrites in the Scheil
and truncated-Scheil models are identical. In other words, by truncating
the dendrites of the Scheil model at the position of the columnar front,
one gets the dendrites of the truncated-Scheil model. The truncated-
Scheil model accounts for liquid undercooling because the liquid be-
tween the columnar front and the liquidus isotherm is undercooled. In
that model, the growth velocity of the tips, and therefore the veloc-
ity of the columnar front, is linked to the liquid undercooling ahead of
the columnar front through a dendrite tip growth model. In summary,
Flood and Hunt’s truncated-Scheil model [13], is a macroscale model
that allows incorporation of liquid undercooling ahead of the columnar
primary tips but disregards melt convection.

In the literature, macroscale models that incorporate both liquid un-
dercooling and melt convection are available. These models are typi-
cally based on the multiphase modeling framework developed in the
pioneering and widely-accepted work of Wang and Beckermann [14],
which allows one to develop macroscale models that incorporate mi-
croscale and mesoscale phenomena. For the details of the framework,
the reader is referred to the original paper [14]. In brief, as shown in
Fig. 1, models based on this framework consist of three phases: solid,
inter-dendritic liquid, and extra-dendritic liquid. The two liquid phases
are separated by the dendritic envelope (or grain envelope), which is
a smooth, virtual surface that connects the primary tips to the tips of
actively growing secondary arms and is shown by the dashed red curve
in the figure. A secondary arm is defined as active when it is longer
than the next active secondary arm closer to the primary tip. Two lig-
uid phases are introduced in the framework because, in general, solute
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diffusion is governed by length scales of different orders of magnitude:
the secondary arm spacing in the inter-dendritic liquid and the distance
between the primary dendrite arms in the extra-dendritic liquid. The
framework makes the following assumptions: at the microscopic level,
the different phases are at thermal and mechanical equilibrium (i.e.,
have the same temperature and pressure); the inter-dendritic liquid is
well-mixed (i.e., has a uniform concentration) and is at the equilibrium
concentration (given by the phase diagram). The extra-dendritic liquid
is, in general, undercooled. Note that the dendritic envelope (shown by
the dashed red curve in Fig. 1) shall not be confused with the colum-
nar front (shown by the thick dashed vertical line), as the liquid behind
the columnar front is generally undercooled while the liquid behind the
envelope is not. To develop a macroscale model using the framework
of Wang and Beckermann [14], the local equations (i.e., equations that
are valid at the microscopic scale) for each phase are formally aver-
aged over a volume that contains all the phases present in the system
and is called the Representative Elementary Volume (REV). Wang and
Beckermann used their framework to develope a model for equiaxed so-
lidification in the presence of melt convection [15-17] and a model for
the columnar to equiaxed transition in the absence of melt convection
[18]. Martorano et al. [19] used the framework to develope another
model for the columnar to equiaxed transition in the absence of melt
convection.

Although models that incorporate melt convection and liquid un-
dercooling have been already developed using the framework of Wang
and Beckermann [14] and have been successfully used to simulate so-
lidification in different systems [20-25], more research in this area is
still needed for at least three reasons. First, most of the models that are
available are three-phase models and the existence of the third phase
makes their numerical implementation significantly more complex than
the two-phase models which (as already discussed and due to their rel-
ative simplicity) have been extensively used in the literature to predict
melt convection in the absence of liquid undercooling. This extra com-
plexity increases the computational cost of the models and, more im-
portantly, has created problems in several previous studies, especially
in predicting sensitive phenomena such as channel segregates. For ex-
ample, in the study of Carozzani et al. [7], where simulations of a so-
lidification experiment were performed, channels (observed in the ex-
periment) were not predicted and, although the reason for the failure to
predict them was not entirely clear, it was believed to be due to the lack
of computational resources and model uncertainties; as another exam-
ple, in a previous study by the authors [26], where the same experiment
was simulated, the model that accounted for liquid undercooling failed
to predict channels. A two-phase model that is simpler to implement
than the three-phase models but still incorporates both melt convection
and liquid undercooling can help alleviate these problems (by allowing
one to more readily predict melt convection and channel segregates in
the presence of liquid undercooling). Second, there are still some open
questions in this research area. For example, a macroscale model that
accounts for liquid undercooling is obviously more general than one that
does not and can, therefore, be expected to recover that model at some
limiting values of its parameters. This recovery has, to the authors’ best
knowledge, never been investigated in the literature. Third, it should be
noted that the interplay between liquid undercooling and melt convec-
tion during solidification and their effect on the final macrosegregation
pattern or channel segregates have never been investigated in any de-
tail. For example, it is known from the literature that channel segregates
are sensitive to the mesh spacing [27] or the relation used to calculate
the permeability of the mush [28]; therefore, it is reasonable to expect
that they are also sensitive to the liquid undercooling. The extent of this
sensitivity, however, has not been investigated.

The main objective of this paper is to develop a two-phase model
that incorporates melt convection and liquid undercooling ahead of the
columnar front. This model, which is referred to as a truncated-Scheil-
type model (for reasons that will be discussed in Section 2.1), is de-
rived from a three-phase columnar solidification model. The three-phase
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model itself is developed using the framework of Wang and Beckermann
[14] and is similar to their equiaxed solidification model [15-17]. In
addition, a robust and easy-to-implement numerical scheme to update
solid fractions during solidification is developed and, for the first time in
the field of macroscale modeling of solidification, complex movements
of the columnar front, due to the presence of strong melt convection,
channel segregates and liquid undercooling, were tracked. Predictions
of the truncated-Scheil-type and three-phase models, in the absence and
presence of melt convection, and with different values of the dendrite tip
selection parameter ¢*, are compared with the predictions of a Scheil-
type model that neglects liquid undercooling entirely. The effects of
liquid undercooling and melt convection on each other during solidi-
fication, on the final macrosegregation pattern, and on the channel seg-
regates is investigated.

This paper is organized as follows: Section 2 introduces the dif-
ferent models and outlines their governing equations. Section 3 dis-
cusses the numerical solution of the governing equations and a scheme
that is developed to calculate solid fractions during solidification.
Section 4 introduces the numerical solidification benchmark problem.
Finally, Section 5 discusses predictions of the different models and with
the different values of ¢*.

2. Three different models: the three-phase, truncated-Scheil-type,
and Scheil-type

This study explores three models that differ mainly in the assumption
that they make with respect to liquid undercooling. Section 2.1 presents
an overview of these models. Section 2.2 presents the derivation of the
governing equations for the models, and the final sub-section summa-
rizes the similarities and the differences between them.

2.1. Overview of the three models

The three-phase model is developed using the multiphase modeling
framework of Wang and Beckermann [14] and is similar to the model
that Wang and Beckermann [15-17] developed using that framework.
The latter model is referred to as the WB model hereafter. In addition to
the fundamental assumptions made in the framework of Wang and Beck-
ermann [14] (see paragraph four of Section 1), the three-phase model
developed here and the WB model both assume that the thermophysi-
cal properties of the different phases are equal and constant (except for
the liquid density in the buoyancy term of the momentum equation);
therefore, solidification shrinkage is disregarded.

Next, the main differences between the three-phase model developed
here and the WB model are discussed. First, our model is for colum-
nar solidification and, therefore, disregards solid motion, while the WB
model was for equiaxed solidification, and incorporated that motion.
Second, for reasons that will become clear subsequently, the model de-
veloped here requires tracking of the columnar front, while the WB
model did not. Third, because the main objective of this study is to de-
velop a two-phase model (see Section 1) with only one liquid phase,
the three-phase model developed here assumes that the inter-dendritic
and extra-dendritic liquids have the same velocity and that there is no
solute diffusion in the solid, while the WB model did not make those
assumptions.

The truncated-Scheil-type model is a two-phase model that is de-
rived from the three-phase model by making an additional assumption
to those of the three-phase model: the liquid behind the columnar front
is not undercooled. It is shown that, because of this single assump-
tion, the truncated-Scheil-type model becomes significantly less com-
plex than the three-phase model, while the predictions of the two mod-
els are nearly identical. The reason that this two-phase model is referred
to as the truncated-Scheil-type model is that, similar to the truncated-
Scheil model of Flood and Hunt [13], it disregards solute diffusion in the
solid and liquid undercooling behind the columnar front but takes into
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account liquid undercooling ahead of the columnar front. It is empha-
sized that, unlike the truncated-Scheil model of Flood and Hunt [13], the
truncated-Scheil-type model developed here incorporates melt convec-
tion, and to make that distinction clear, it is referred to as the truncated-
Scheil-type model (instead of just truncated-Scheil). Finally, the third
model, similar to the one used in simulating the numerical solidifica-
tion benchmark problem [11], disregards liquid undercooling entirely
but unlike that model, which assumed infinite solute diffusion in the
solid, assumes no solute diffusion in the solid. The third model is here-
after referred to as the Scheil-type model.

Before proceeding, it is useful to summarize the main assumptions
behind the three-phase, truncated-Scheil-type, and Scheil-type models.
These models all disregard solid motion and solute diffusion in the
solid. The three-phase model assumes that the inter-dendritic and extra-
dendritic liquids have the same velocity but makes no simplifying as-
sumption with respect to liquid undercooling. The truncated-Scheil-type
model disregards liquid undercooling behind the columnar front, while
the Scheil-type model disregards it both behind and ahead of the colum-
nar front. The governing equations for these models are introduced next.

2.2. Governing equations

In this sub-section, first the equations that the three models share are
listed. Then, the equations for the solute conservation in the liquid(s) in
the different models are outlined. After that, the thermodynamic and
constitutive relations of the models are listed.

2.2.1. Overarching equations: conservation of mass, momentum, energy,
and solute in solid
The continuity equation reads [15]

V(gv)=V-v=0 1)

where g;, 7;, and v are the liquid fraction (in the three-phase model,
the liquid fraction is equal to the inter-dendritic liquid fraction plus the
extra-dendritic liquid fraction), average liquid velocity, and superficial
liquid velocity, respectively. Note that the first equality follows from
the definition of the superficial liquid velocity and, in the three-phase
model, the assumption that the inter-dendritic and extra-dendritic lig-
uidus have the same velocity. The second equality follows from the as-
sumption that the solid is motionless and the density of the liquid is
constant.

The liquid momentum equation in terms of the average liquid veloc-
ity o, reads [15]

2
2, _ _ _ _ _ Hig _
Poa(glvl) +pyV - (31V1V1> =-gVp+V- [Mlv(glv[)] + 808~ #Vl

K
@

where py, p, 4, p;, and K are the reference density, average
pressure, liquid dynamic viscosity, liquid density in the buoy-
ancy term, and permeability of the semi-solid mush, respectively.
The liquid density in the buoyancy term is calculated from g, =
poll = Br(T = T,,) = c(C; — C, )], where fr and ¢ are the thermal
and solutal expansion coefficients, respectively, and T, and C,, are a
reference temperature and solute concentration, respectively. The per-
meability of the semi-solid mush is calculated from the Kozeny—Carman
relation: K = A%g,3/[180(1 — g% [11], where 4, is the secondary den-
drite arm spacing.

It is common to re-write Eq. (2) in terms of the superficial liquid ve-
locity v. The first term on the left-hand side and the second and fourth
terms on the right-hand side can be written in terms of v using v = g;7,
(see Eq. (1)). To re-write the second term in terms of v, one needs
to first recognize that V. (g,o,0) =V - @) =@, - V)0)+ (V- -v) =
(1/g)(w - V)v, where the right-hand side of the third equality can be
re-written as (v - V)v =V - (vv) —v(V - v) = V - (vv). Note that, in these
relations, the equalities V - (0,v) = (@, - V)(@)+ 9)(V -v) and (v- V)v =
V- (vv) —v(V - v) hold for any pair of vectors o, and v. Also, the last
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equalities in these relations follow simply from Eq. (1). Combining these
two relations, one gets V - (g,9,0,) = (1/g,)V - (vv) and substituting this
into Eq. (2) gives the final momentum equation in terms of the superfi-
cial liquid velocity v

Jv 1 _ ~ Hi8
S +p0g—V~(vv)=—gle+V~(ﬂle)+g1p1g—%v 3)
1

The energy equation reads [15]

‘;—T +V.-@T) = qyV?T + 2

I ags

> @

where T, ay = ko/(pyc,), hy, ¢p, and g; = 1 — g; are the temperature, ther-
mal diffusivity, latent heat, spec1ﬁc heat capacity, and solid fraction,
respectively.
The equation for the solute conservation in the solid reads [15]

d, = 9gs

—(g,C,) = koCf 5
dt(gs s) 0~ 6t ( )
where C;, ko, and C are the average solute concentration in the
solid, solute partition coefficient, and equilibrium solute concentration,
respectively.

2.3. Solute conservation in liquid(s)

Recall from Section 2.1 that the three-phase model has two liquid
phases: the inter-dendritic and extra-dendritic liquids. In this section,
the equations for solute conservation in the two liquids are listed first,
and then these equations are used to derive the equation for the liquid
solute conservation in the truncated-Scheil-type and Scheil-type models.

2.3.1. Three-phase model
The equation for solute conservation in the inter-dendritic liquid
reads [14-17]
Fi) _ = _ _ SonDo
pOE(gdCd) + 90V + (8401Cy) = =koTyCa = TeaCy = Po—gw

env

(Cd - Ce)
(6)

where g4, C;, Tsgs Ted> Senys Oenys @and C, are the inter-dendritic lig-
uid fraction, average solute concentration in the inter-dendritic lig-
uid, average interfacial mass generation source due to phase-change
at the interface between the solid and inter-dendritic liquid and at the
interface between the inter-dendritic liquid and extra-dendritic liquid,
surface area of the envelope per unit volume of the REV, average dif-
fusion length around the envelope, and average solute concentration in
the extra-dendritic liquid, respectively.

The equation for the solute conservation in the extra-dendritic liquid
reads [14-17]

pO%(geCe) +pOV : (gei"lce) =redcd +90%(Cd _Ce) (7)
where g, = 1 — g, — g, is the extra-dendritic liquid fraction.

Before proceeding, it is useful to discuss the physical meaning of
the different terms on the right-hand sides of Egs. (6) and (7). On the
right-hand side of Eq. (6), the first term represents the solute transfer
from the inter-dendritic liquid to the solid at the interface between these
two phases due to movement of that interface (i.e., due to solidifica-
tion); the second and third terms represent the solute transfer from the
inter-dendritic liquid to the extra-dendritic liquid at the interface be-
tween these phases, due to the movements of that interface and due
to the diffusion at that interface, respectively. Note that the negative
sign of all the terms on the right-hand side stems from the fact that, at
the microscopic level, solute transfer is always from the inter-dendritic
liquid to the neighboring phases (because the solute concentration in
the inter-dendritic liquid is higher than the solute concentration in the
neighboring phases). In Eq. (7), the terms on the right-hand side are the
counterparts of the last two terms on the right-hand side of Eq. (6), on
the extra-dendritic liquid side of the interface between the two liquids.
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Next, on the right-hand side of Egs. (6) and (7), the interfacial mass
generation sources due to phase-change (i.e., I';,; and I',4) and the con-
vective fluxes on the left-hand side (i.e., V- (g,¥,) and V - (g,0,)) are
rewritten in terms of the phase fractions and superficial liquid velocity
v = g7, respectively. To substitute I'y; and I',4, one first needs to write
the mass conservation equations for the solid and extra-dendritic liquids
as follows [14-17]

og
Po a: - de (8)
g, _
Po—, ot + pOV (gevl) = I_‘eal = _pOSenvwenU (9)
where w,, is the average growth velocity of the envelope.

Before proceeding, it is insightful to understand the physical mean-
ing of Egs. (8) and (9). Eq. (8) states that, in the absence of solid motion,
the rate of increase in the solid mass per unit volume of the REV (i.e.,
the left-hand side of the equation) is equal to the mass exchange rate
at the interface between the solid and inter-dendritic liquid due to the
movements of this interface (i.e., the left-hand side of the equation).

In Eq. (9), the first equality states that the rate of increase in the
extra-dendritic liquid mass per unit volume of the REV (i.e., the term
p008./0t) plus the rate at which the extra-dendritic liquid leaves the
REV due to the flow of this liquid (i.e., the term p,V - (g,7,)), is equal
to the mass exchange rate at the interface between the two liquids due
to the movements of this interface (i.e., I',3). The second equality in Eq.
(9) is obtained by modeling the interfacial mass exchange rate as the
product of surface area of the interface (i.e., the envelope) per unit vol-
ume of the REV and the mean interfacial flux [14]. The second term on
the left-hand side of the first equality in Eq. (9) shall not be confused
with a similar term that would have appeared on the right-hand side of
Eq. (8), if grain movement had been taken into account (see, for exam-
ple, the solid momentum equation in Table II of [15]). Further examin-
ing Eq. (9) reveals another interesting point: due to the presence of the
flow term in this equation (i.e., the term p,V - (g,7,)), the extra-dendritic
liquid fraction can change even when the envelope is not growing (i.e.,
whenw,, = 0).

Substituting I',4 from the first equality in Eq. (9) into Eq. (7) and
noting that in Eq. (7), the second term on the left hand side can be
re-written uSing V- (gei}lée) =V. [v(ge/gl)ée] = (ge/gl)v : (vée) + Cev :
(vg,/g;) (where the first equality follows directly from the discussion
below Eq. (1) and the second equality follows from the mathemat-
ical identity governing the divergence of a product of a scalar and
a vector and the fact that v-V(g,/g,) =V - (vg,/g,) due to Eq. (1)),
Eq. (7) becomes

aC, _
e +g—V (vC,)
_ _ .0 _ _ S,.oDo , = _
= (Cd_cz)ﬁ-"(cd_ce)v' <Vg_e>+L0(Cd_Ce) (10
ot 81 env

Similarly, on the left-hand side of Eq. (6), I'y; and I',y can be sub-
stituted using Eqgs. (8) and (9), respectively, and the last term can be
substituted from Eq. (10) to get

) _
(1- ko) ﬁcd+ [— +V- gdv,)]cd

e (0)

an

9. - o
E(gdcd) +V-(g0,Cy) =

oC, | &
ot g

g =V (vC,) - (C; - C)

Next, if the time and spatial derivatives on the left-hand-side are
expanded, then the terms inside the first brackets on the right-hand-
side can be dropped by their counterparts on the left-hand side and the
result will be
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ac,

8d7+gd51'VCd=(1_k0)?Cd
oC, g - = - 98 ~ ~ 8
B SR L S | I

Next, Eq. (12) needs to be re-written in the conservative form
and in terms of the superficial liquid velocity v only. Using identities
(Cy—CIV - (vg,/g) =V - [v(g./e)(Cy — CHl —v(g,/g) - V(Cs—C,)
and 84 VCy = (8~ 8)/g) - VCs =V - (0Cy) — (8./8)V - (W Cy),
Eq. (12) becomes

aC - g,
gza—td +V-(vCy) = (1 _kO)Cdd_;

~1g(C.~C,)] - V- [vg—“(c' —C'd)] (13)
at e e gl e

which is the final form of the equation for solute balance in the inter-
dendritic liquid.

2.3.2. Truncated-Scheil-type and Scheil-type models

To derive the equation for the solute conservation in the liquid for
the truncated-Scheil-type and Scheil-type models, the average solute
concentration in the liquid C, is defined as

&C =2,Cs +¢.C, (14)

The equation for solute conservation in the liquid is obtained by
adding up Egs. (6) and (7), substituting g,C, + g,C, from Eq. (14),
g0, from the first equality in Eq. (1), I'y; from Eq. (8), and C,0dg,/dt =
CJog,/ot as

9

_ ) P
S (8C)+V- () = —kyCr s (15)

"ot
Expanding the time derivative on the left-hand side and adding and
subtracting k,C,dg,/dt to and from the right-hand side gives

aC _ _ . 0g _ ag
g,a—t’+V~(vc,)=k0(c;‘—c,)a—t’+c,(1—k0)a—: (16)

Next, Eq. (16) is analyzed. Note that in deriving this equation, no
additional assumptions have been made. In other words, this equation
is as general as Egs. (10) and (13) of the three-phase model. In fact, in
that model, one can replace Eq. (10) or (13) with Eq. (16), without loss
of generality. The second term on the right-hand side of Eq. (16) rep-
resents solute rejection (assuming kq < 1) during solidification. Under-
standing the first term on the right-hand side is key in simplifying the
three-phase model and developing the truncated-Scheil-type and Scheil-
type models. This term consists of dg;/dt, which represents solidification
rate, and C; — C;, which is linked to the liquid undercooling. If one dis-
regards liquid undercooling entirely (i.e., assumes that C; — C, is zero
everywhere), then, the first term on the right-hand side can be dropped,
and Eq. (16) will reduce to the equation for the liquid solute balance in
the Scheil-type model. The key point to realize here is that this term will
still be zero even if one assumes that liquid can be undercooled in the
absence of local solidification (i.e., dg;/dt = 0), but it is not undercooled
in the presence of local solidification (i.e., Cr = C, when 9dg;/dt+ 0). For
fully columnar solidification, this is equivalent to stating that the lig-
uid behind the columnar front is assumed not to be undercooled, while
the liquid ahead of the columnar front is undercooled. Dropping this
term gives the final form of the liquid solute balance equation for the
truncated-Scheil-type and Scheil-type models as

9gs

aC, . -
g10—11+V-(vC,)=C1(1—k0)E 17

2.4. Thermodynamic relations

Under the assumption of local thermodynamic equilibrium, the tem-
perature at the interface between the solid and (inter-dendritic) liquid
is given by the liquidus line of the phase diagram. In this section, the

Materialia 7 (2019) 100364

thermodynamic relations for the three-phase model are listed first, fol-
lowed by a discussion of the slight, but important, modification to the
relations of the three-phase model that is required to obtain the corre-
sponding relations for the truncated-Scheil-type and Scheil-type models.
To write down the thermodynamic relations, one first needs to recog-
nize that these relations take different forms during primary and eutectic
solidification, and this is discussed next.

Primary columnar solidification takes place for temperatures below
the local liquidus temperature and, obviously, only in the region behind
the columnar front. In the three-phase model, these regions are distin-
guished (from regions ahead of the columnar front) by positive values
of the phase-field ¢. The phase-field ¢ is itself calculated from an inter-
face tracking method that will be further explored in Section 2.6. During
primary solidification, the inter-dendritic liquid solute concentration is
equal to the equilibrium solute concentration C;', which is given by the
liquidus line of the phase diagram.

Eutectic solidification starts when C, reaches the eutectic concen-
tration C,,;, while g is still non-zero. During eutectic solidification, the
temperature is equal to the eutectic temperature T,,,, and there is no
solute rejection due to solidification. Therefore, the partition coefficient
needs to be set to unity. These premises can be stated mathematically
as

T-T,
m
and ky=1
18)

Primary solidification: T <T;,,(C;)andp>0 — C,=C; =

T=T,

eut

Eutectic solidification: C,=C,, andg, >0 —

where T},,(C;) =T, +m,C, is the liquidus temperature corresponding
to the local inter-dendritic liquid concentration C,. Again, in Eq. (18),
¢ >0 represents regions behind the columnar front. For an equiaxed
solidification model, such as the one developed by Wang and Becker-
mann [15], the left-hand side of the first arrow needs to be replaced
by a condition representing temperatures below the nucleation temper-
ature. Therefore, such a model will not require interface tracking and
this is one of the important differences between the three-phase colum-
nar solidification model developed here and the three-phase equiaxed
solidification model of Wang and Beckermann [15].

The thermodynamic relations for the truncated-Scheil-type and
Scheil-type models are similar to Eq. (18). The only difference, which is
of critical importance, is that for the truncated-Scheil-type model, C, in
this equation must be replaced with C;; for the Scheil-type model, in ad-
dition to replacing C, with C,, the condition ¢ > 0 needs to be removed.
Therefore, this model does not require calculation of ¢ (i.e., interface
tracking).

2.5. Constitutive relations for the envelope surface area and diffusion
length in the three-phase model

In the three-phase model, the final forms of the equations for the so-
lute balance in the liquids (i.e., Egs. (10) and (13)) contain the envelope
surface area per unit volume of the REV, S,,,, and the average diffusion
length around the envelope 6,,,. These two quantities need to be calcu-
lated using additional constitutive relations. The envelope surface area
Seny is calculated from [19]

0 $<0
Sopw = 3(1_5,6)2/3 $>0 (19)
Ry

where R, = 4,/2 is the final envelope radius and 4, is the primary arm
spacing. The first part of the relation simply reflects the fact that in
columnar solidification, the envelope surface area ahead of the colum-
nar front is, obviously, zero.
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The diffusion length §,,, is calculated from the relation proposed by
Martorano et al. [19], which reads

,J
5 3R,ePe  [Ri| rr o PeR;
env _ e ¢ dr' | 2ar (20)
R, R,-R}Jr |Jr 7

e

where Pe=w,, R,/D, is the growth Péclet number and R, =
R;(1 - g,)!/3 is the instantaneous envelope radius.

Note that Egs. (19) and (20) were derived for equiaxed spherical
envelopes. Because the envelope of a columnar dendrite is not spheri-
cal, one might wonder why those equations are used in our three-phase
model, which is, again, for columnar solidification. The reason is that,
as shown in Section 5, for columnar solidification, liquid undercooling
behind the columnar front can be disregarded. Therefore, Egs. (19) and
(20) are not an important part of the model, and using them, instead of
more realistic relations that are available in the literature [29], should
not distract. In any case, the difference can be expected to be small.

2.6. Columnar front tracking for the three-phase and truncated-Scheil-type
models

The three-phase and truncated-Scheil-type models, as opposed to
the Scheil-type model (see the discussion in the last paragraph of
Section 2.4), contain the phase field variable ¢ (see Egs. (18) and (19)),
which needs to be calculated using an interface tracking method. Before
discussing the method that was used in this study to track the colum-
nar front, it is useful to review the previous studies where the columnar
front was tracked. In studies of Martorano et al. [19], Wang and Becker-
mann [18], and Browne and co-authors [30-38] the columnar front was
tracked in the absence of melt convection. In other studies by Browne
and co-authors [39,40], the columnar front was tracked in the presence
of melt convection but the solutal buoyancy forces were disregarded,
and melt convection was due to the thermal buoyancy forces only. Sere-
dynski and Banaszek [41] and Banaszek and Seredynski [42] tracked the
columnar front in the presence of melt convection without disregarding
the solutal buoyancy forces, but their studies provide no discussion on
the channel segregates and, in fact, it is not even clear if channels were
predicted or not. In the present study, the columnar front is tracked
in the presence of strong melt convection, driven by both thermal and
solutal buoyancy forces and channel segregates.

In the present study, the method used to calculate ¢ (i.e., to track
the columnar front) is the phase-field sharp interface tracking method
of Sun and Beckermann [43]. The columnar front is represented by the
isocontour ¢ = 0; regions behind and ahead of the columnar front are
represented by ¢ >0 and ¢ <0, respectively. Initially (i.e., att = 0), ¢ is
equal to minus unity everywhere in the simulation domain except at the
boundary from which the columnar grains grow, where ¢ is set to zero;
in other words, the columnar front is assumed to be initially located
at the domain boundary from which solidification starts. For t> 0, ¢ is
calculated from [43]

or Vol

where w, ~is the envelope average growth velocity vector and b and
W are numerical parameters that control the stability of the method
and the finite thickness of the columnar front region on the numerical
mesh, respectively, and are calculated using the relations in Sun and
Beckermann [43]. To calculate w,,,, it is first assumed that the envelope
grows in the direction of the local thermal gradient (i.e., perpendicular
to the local isotherms):

vT
em:ﬁ
where w,,, is the magnitude of the average growth velocity vector
which, in the three-phase model, is calculated from [19]

40* Domy (kg = 1)C;
env = f

1— 2
%+wenv.v¢=b V2¢+¢(W—;M—IV¢IV~< Ve >] (21)

w,,, =W, (22)

env

[0~ (2,)] 23)

w,
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where ¢*, T, Tv™(), and Q, are the tip selection parameter, Gibbs—
Thomson coefficient, inverse Ivantsov function and average undercool-
ing in the extra-dendritic liquid, which is defined as [19]

o - ¢ 24
©Cr(1-k) @9

In Eq. (23), the inverse Ivantsov function is calculated from [19]

) 1.195
— e
v(Q,) = 0.4567( = Qe> (25)

In the truncated-Scheil-type model, w,, is calculated from
Egs. (23) to (25), however, Q, in these equations needs to be replaced
with the average undercooling in the liquid €;, which is defined as
P 26)

" (1-k)

As already discussed in Section 2.1, the truncated-Scheil-type-model
does not account for liquid undercooling behind the columnar front;
therefore, Q; predicted by this model (from Eq. (26)) is expected to be
zero for ¢ > 0. It is now interesting to discuss how this expected value
for € is obtained from the governing equations. According to the ther-
modynamic relation (see Eq. (18) and the discussion below), for ¢ >0,
one has Cr= C,, which, from Eq. (26), results in Q, = 0, as expected.
In the three-phase model, the liquid undercooling behind the columnar
front (predicted from Eq. (24)) can be, in general, non-zero because, in
that model, for ¢ > 0, one has Cr= C, as opposed to (O C,; therefore,
Eq. (24) can predict non-zero values for Q; even when ¢ > 0.

For the Scheil-type model, an “undercooling” can be calculated from
Eq. (26), but the values of Q; will be either zero (inside the mush) or
negative (in the superheated liquid). The reason is, as discussed below
Eq. (18), in the Scheil-type model, during solidification (i.e., when T <
T,iq(C‘,)), one has C = C, and therefore (from Eq. (26)) Q, = 0; in the
absence of solidification (i.e., when T > T};,(C)) = T, + m,C;) one has
C; < C; (note that m; < 0) and therefore €; <0.

2.7. Convergence of the three-phase and truncated-Scheil-type models to
the Scheil-type model

Recall from the discussion in Section 2 that at some limiting values of
the model parameters, the three-phase and truncated-Scheil-type mod-
els, which account for liquid undercooling, are expected to converge to
the Scheil-type model, which does not account for liquid undercooling.
Now that the equations for these models have been listed, this conver-
gence can be discussed in more detail by examining Eq. (23) and the
role of ¢* in that equation and, therefore, in the truncated-Scheil-type
and three-phase models. In Eq. (23), if one increases ¢* to an effectively
infinite value, Q, needs to become infinitely small, but still non-zero,
so that both sides of the equation remain finite (note that, regardless of
the value of ¢*, w,,, needs to have a finite value that is less than the
liquidus velocity). An infinitely small value for the liquid undercool-
ing means that the Scheil-type model is recovered. In other words, it is
reasonable to conjecture that by increasing ¢* in the truncated-Scheil-
type and three phase models, these models converge to the Scheil-type
model. The accuracy of this statement will be examined in the Results
section.

It is also interesting to discuss how the above discussion on the role
of o* is connected to the formal definition of ¢* in theories of dendritic
growth [44]. In those theories, o* is defined as a constant that is in-
versely proportional toV; R?, where V(= w,,,) and R, are the tip velocity
and radius, respectively. Therefore, increasing ¢* simply means that the
product V,R? needs to decrease. Now, consider quasi-steady growth of
a columnar front during directional solidification, where the velocity of
the columnar front is equal to the velocity of the isotherm that coincides
with the front. Because in directional solidification the value of ¢* has
no significant influence on the temperature distribution, increasing ¢*
will not change the isotherm velocities nor V,; therefore, to have V,R?
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decrease, R, will have to decrease. A decrease in R, while V; is con-
stant indicates that the tip Peclet number Pe, = VR, /2D, will decrease,
and that, from the Ivantsov relation, indicates that the liquid undercool-
ing needs to decrease. Therefore, increasing ¢* to an effectively infinite
value will decrease the liquid undercooling to an infinitely small value,
and that is consistent with the above discussion on the role of ¢*.

2.8. Summary of the equations of the models

Before proceeding it is useful to summarize the equations for each
of the models. The equations for conservation of mass, momentum, en-
ergy, and solute in the solid in all of these models are Egs. (1), (3), (4),
and (5), respectively. The three phase model has three additional con-
servation equations: (9), (10), and (13) for conservation of mass and so-
lute in the extra-dendritic and inter-dendritic liquids, respectively. The
truncated-Scheil-type and Scheil-type models have only one additional
conservation equation: (17) for the conservation of solute in liquid. The
rest of the equations of the three-phase model are Egs. (18)-(25). The re-
maining equations of the truncated-Scheil-type model are the modified
version of Eq. (18) and Egs. (21)-(23) and (25) and (26). The remaining
equation for the Scheil-type model is the modified version of Eq. (18).

3. Numerical solution of the governing equations

In this section, the numerical solution of the strongly coupled and
highly nonlinear model equations is discussed. In the first sub-section, a
numerical scheme that was developed to update the solid fraction during
solidification is outlined. In the sub-section after that, details about the
numerical solution of the equations are discussed.

3.1. Solid fraction updating scheme

Note that the models introduced in the previous section do not have
an explicit relation for the solid fraction g,. Numerical implementations
of these models, however, require a relation that can be used to calculate
& In other words, a scheme to update the solid fraction is required. Such
a scheme is developed in this section.

To develop a scheme to update the solid fraction, one first needs to
acknowledge that, in Eq. (18), the equalities on the right-hand side of
the arrows will be satisfied only if the “correct” solid fraction is used
in calculating the temperature and (inter-dendritic) liquid solute con-
centration. An imbalance between the two sides of these equalities in-
dicates that the solid fraction is inaccurate and needs to be corrected by
an amount that can be assumed to be proportional to that imbalance.
For the three-phase model, the relation to correct the solid fraction can
be written as

7] ) _
Primary solidification : g™ = g" + a;ifml(cl* -¢,)

Eutectic solidification : gi’“ =g+ % (To = T) @7
where the superscripts n + 1 and n refer to the current and previous it-
eration levels, respectively. Note that, at each time step, updating the
solid fraction using Eq. (27) should be continued until g;'“ = gl (within
the numerical precision); this will guarantee that at the end of the it-
erations, or in other words after convergence, C; = C, during primary
solidification and T,,, = T during eutectic solidification, which will, in
turn, indicate that the equalities on the right-hand side of Eq. (18) are
satisfied. For the truncated-Scheil-type and Scheil-type models, C, in
the first equality of Eq. (27) needs to be replaced with C,. To complete
the solid fraction updating scheme, the relations to calculate dg,/0T dur-
ing primary and eutectic solidification need to be derived. Because the
final relations for dg,/0T are the same in the three models, the rest of
the derivation is shown only for the Scheil-type model.

Materialia 7 (2019) 100364

To obtain a relation to calculate dg,/0T during the primary solidifi-
cation, Eq. (17) is first discretized explicitly as
C_V[ _ Cold ~ B gn _ gold
Id ! ~old Fold s — &,
(1= &) =4V - (B C) = (1= ko) G = (28)
The solute concentration in liquid can be substituted from the ther-
modynamic relation for the Scheil-type model (see Eq. (18) and the dis-

cussion below) to give
(T-T;)/m - Co
_ old !
(1-¢) Y
(1= ko) (T ~Ty) g7 — 87

= 29
m; At @9

+V- (vold C‘v[ola’)

Both sides of this equation are differentiated with respect to T to give

a
(1) = (1= ko) (& = &) + (1= ko) (T = ) 2 (30)

This equation is rearranged to give

og, _ 1 —g! +ko(ey — ')

oT — (1—ky)(T=Ty)

To obtain a relation to calculate dg,/dT during the eutectic solidifi-
cation, Eq. (4) is first discretized explicitly as

(€19

ol h g - gold
T A’f +V- (voldTold) — (szTold + C_Y]YA—tY (32)
1

Differentiating both sides of this equation with respect to g, gives

ag: C

os _ 4 33

oT  hy 33)

Combining Egs. (31) and (33) one gets:

og. 1—go"+k n _ jold

Primary solidification : %8 _ 8+ ko (81— 8'")
o (1=k)(T = Ty)

. g . . 0g: _a

Eutectic solidification : —= = — (34)

oT  hy

The above solid fraction updating scheme was found to be robust
and efficient. It should be mentioned that a similar method was devel-
oped by Guo and Beckermann [27], but one of the advantages of the
method developed here is that it does not require calculating intermedi-
ate values for the solute concentrations; therefore, its implementation is
relatively straightforward. Another advantage of this method concerns
parallel computing in the code we have used, and that issue will be
discussed further next.

3.2. In-house OpenFOAM codes

To solve the governing equations numerically, two in-house paral-
lel computing codes, one for the three-phase model and one for the
truncated-Scheil-type and Scheil-type models, were developed on the
OpenFOAM platform [45,46]. OpenFOAM is a widely used open-source
CFD code, but its built-in capabilities in simulating alloy solidification
remain very limited. Here, only the major aspects of the numerical im-
plementation of the models in OpenFOAM are discussed; for more de-
tails, the reader is urged to consult the corresponding author. It is em-
phasized that one of the advantages of OpenFOAM is that it allows one
to create customized applications that can be run on multiple cores, after
decomposing the simulation domain, without a need to make any mod-
ifications in the coding of the application. One can benefit from that
advantage only if the implemented numerical methods do not require
parallel-specific programming, and this is one of the main advantages of
the present solid fraction updating scheme. In fact, we first implemented
the scheme of Guo and Beckermann [27], and noticed that performing
parallel computations with the application that was using their method
is not possible by just simply decomposing the simulation domain.
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The equations outlined in Section 2 and the solid fraction updating
scheme developed in Section 3.1 were implemented in the codes. The
temporal and advection terms were discretized using the standard Eu-
ler and upwind methods, respectively. The discretized equations were
solved iteratively at each time step until the residual for the discretized
partial differential equations and the error for the solid fraction all be-
came less than a convergence criterion determined by the user. Pressure
coupling was handled using OpenFOAM’s PIMPLE algorithm.

Another critical numerical point concerns tracking of the columnar
front. Recall that, in theory, the columnar front is an imaginary surface
with no thickness; therefore, in the numerical simulations, the columnar
front region (i.e., the region with —1 < ¢ < 1) should be kept as thin as
possible (two to three mesh cells on the numerical grid). This can be
achieved only if the value of ¢ at a cell continues to increase even after
the columnar front passes that cell (i.e., when ¢ becomes zero locally).
In other words, d¢/dt needs to be positive not only for —1 < ¢ < 0, but
also for 0 < ¢ < 1. By examining Eq. (21), it is easy to acknowledge that
positive values of d¢/dt for 0 < ¢ <1 will occur only if w,,, in that equa-
tion, and therefore w,,, in Egs. (22) and (23), are positive for 0 < ¢ < 1.
However, as already discussed in Section 2, the truncated-Scheil-type
model disregards liquid undercooling behind the columnar front; there-
fore, in that model, for ¢ >0, w,,, will be strictly zero. As a result of
that, using w,,, calculated directly from Eq. (23) to calculate w,,, from
Eq. (22), and then using that w,,, in Eq. (21) to calculate ¢ will result
in a continuous increase in the thickness of the columnar front region.
This increase is not physical and should be avoided.

In order to avoid the problem with the increase in the thickness of the
columnar front and keep the columnar front region relatively sharp, the
PDE-based multidimensional extrapolation method of Aslam [47] was
used. By implementing this method, at the end of each time step during
the simulations, the following equation was solved repeatedly

Wew | 11y - Vi, =0 35
=2+ Hh - Vi, = 33)
until 0w, /dr became nearly zero. In this equation, 7 is a pseudo-time,
i =V¢/|Ve| is the unit vector normal to the columnar front, and H(¢)
is the sharp Heaviside function that is calculated from

1 ¢>0

0 $<0 (36)

H(¢) = {

Note that, the zero value for the Heaviside function ahead of the
columnar front ensures that Eq. (35) will not modify the values of w
in those regions.

Again, the discussion provided in Section 3.2 covers only the ma-
jor aspects of the numerical implementation of the models in Open-
FOAM and for more details (on, for example, how to avoid parallel-
specific problems when implementing similar solidification models in
OpenFOAM), the reader is urged to consult the corresponding author.

env

4. Problem statement
4.1. Numerical solidification benchmark problem

The problem studied in this paper is the solidification numerical
benchmark problem introduced in Bellet et al. [11]. A schematic of the
problem is shown in Fig. 2. The problem consists of solidification of
a lead-18 wt. pct. tin alloy in a rectangular cavity. The cavity is insu-
lated from the top and bottom. Initially, the melt is stationary, and its
temperature is uniform and equal to the liquidus temperature at the ini-
tial concentration C,,, = 18 wt. pct. Solidification starts by cooling the
cavity from the sides through an external cooling fluid with ambient
temperature T, and an overall heat transfer coefficient h. The width
and height of the cavity are 0.1 and 0.06 cm, respectively. Due to the
symmetry along the vertical mid-plane, only half of the cavity needs to
be simulated.
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Fig. 2. Schematic of the solidification numerical benchmark problem.

Table 1
Properties of the lead-18 wt. pct. tin alloy.

Property Unit Value Reference
Specific heat Jkg ! K! 176 [11]
Thermal conductivity Wm! K?! 17.9 [11]
Reference density Kg m~3 9250 [11]
Latent heat of fusion Jkg™! 3.76 x10* [11]
Liquid dynamic viscosity Pas 1.10x1073 [11]
Liquid thermal expansion coefficient ~ K~! 1.16x10°* [11]
Liquid solutal expansion coefficient (wt. pet.)! 4.90x1073 [11]
Melting point at C=0 K 600.65 [11]
Eutectic composition wt. pct. 61.911 [11]
Eutectic temperature K 456.15 [11]
Equilibrium partition coefficient - 0.310 [11]
Liquidus slope K (wt. pet.)™! —-2.334 [11]
Liquidus temperature K 558.638 [11]
Secondary arm spacing m 1.85x107* [11]
Liquid mass diffusivity m2s~! 7x107° [48,49]
Gibbs-Thomson coefficient Km 7.9%10°8 [48,49]
Primary arm spacing m 22, [50,51]

4.2. Properties and simulation parameters

The thermophysical and phase diagram properties were taken from
Bellet et al. [11]. In addition, the liquid mass diffusivity D; and
the Gibbs-Thomson coefficient I', which are required in simulating
the three-phase and truncated Scheil models, are equal to D, =7 x
10™°m?s~! and ' = 7.9 X 10~3mK [48,49]. Finally, the primary arm spac-
ing was calculated using 4, = 24, [50,51]. These properties are all sum-
marized in Table 1. From the table, one can see that the thermal and
solutal expansion coefficients are both positive. This means that, inside
the mush, where the temperatures are lower than the nominal temper-
ature T, and solute concentrations are higher than the nominal solute
concentration C,, the thermal buoyancy forces will be downward while
the solutal buoyancy forces will be upward. Since the value of the so-
lutal expansion coefficient is about forty times larger than the value of
the thermal expansion coefficient, the solutal buoyancy forces can be
expected to dominate the thermal buoyancy forces.

To verify the numerical results, simulations of the benchmark so-
lidification problem were first performed with a lever-type solidifica-
tion model. The equations of that model are similar to the equations of
the Scheil-type model, and the only difference is that, in the lever-type



M. Torabi Rad and C. Beckermann

Materialia 7 (2019) 100364

Fig. 3. Comparison between the predictions of the Scheil-type,

truncated-Scheil-type, and three-phase models in the absence of
melt convection showing profiles of (a) solid fraction and (b)
liquid/extra-dendritic liquid undercooling at t=60s.
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model, the equations for the solute balance in the liquid and solid read

oC, _ )
[g,+k0(1—g,)]a—tl+V~(vC,): (1—k0)c,% 37
and
C, = kC, 38)

respectively. All simulations were performed using a time step A7 =
0.005 seconds and mesh spacing Ax = Ay = 0.25 millimeters. Simula-
tions were performed on The University of lowa NEON computer clus-
ter. Using 48 cores, the CPU times for simulating the Scheil-type and
truncated-Scheil-type models in the presence of melt convection were
about 30 h, while for the three-phase model that time was about 55 h.
This indicates that simulating the truncated-Scheil-type model is about
two times faster than the three-phase model. Results for the lever-type
model were compared with the results in Bellet et al. [11] and excellent
agreement was observed for the different quantities.

5. Results and discussion
5.1. No melt convection

In Fig. 3, the comparisons between the predictions of the Scheil-
type (the black curves), truncated-Scheil-type (the red curves) and
three-phase (the blue curves) models in the absence of melt convec-
tion are shown. The curves in the figure show profiles of different
quantities along a horizontal line passing through the cavity. Note
that disregarding melt convection makes the problem essentially one-
dimensional. Fig. 3(a) shows the comparison between the solid fraction
profiles at t=60s; Fig. 3(b) shows the comparison between the liquid
undercoolings at that time. The vertical dashed lines show the posi-
tion of the columnar front predicted by the different models. For the
truncated-Scheil-type and three-phase models, as already discussed (see
Section 2.6), the columnar front corresponds to the isocontour ¢ = 0;
for the Scheil-type model, the columnar front shown in the figure corre-
sponds to the isocontour g, = 0.01. The choice of 0.01 instead of another
small value, for example 0.001, is arbitrary but should not distract be-
cause this choice is only for the sake of illustration and has no influence
on either the results or the following discussion. First, predictions of
the truncated-Scheil-type and Scheil-type models are compared. From
Fig. 3(a), it can be seen that the solid fractions predicted by the
truncated-Scheil-type model for x>2.8cm (i.e., behind the columnar
front of the truncated-Scheil-type model) are nearly identical to the solid
fractions predicted by the Scheil-type model. This is because, as shown
in Fig. 3(b), for x> 2.8 cm, the liquid undercoolings predicted by these
two model models are, as expected (see the discussion below Eq. (26)),
equal to zero.

Next, the predictions of the three-phase model shown in Fig. 3(a)
and (b) (the blue curves) are analyzed. From Fig. 3(b), one can see that,

behind the columnar front (i.e., for x> 2.8), the liquid undercoolings
predicted by the three-phase model are nearly zero. This is because be-
hind the columnar front, S,,, has relatively high values (see Eq. (19) and
the discussion below and note that 4, has a low value in columnar
growth). According to Eq. (10), a high value for S,,, requires C, ~ C,,
so that the last term in the equation remains finite. That, in turn, and
according to Eq. (24) and the fact that C, = CI*, results in Q, ~ 0. Now,
if one uses different constitutive relations for S,,,and/or é,,,, the pre-
dicted values of the different quantities can be expected to be slightly
different, but S, will still have a relatively high value behind the front,
and therefore Q, behind the columnar front will still be nearly zero.

Next, the predictions of the three-phase and truncated-Scheil type
models in Fig. 3(a) and (b) are compared. Because the liquid under-
coolings behind the front predicted by the three-phase model are nearly
zero (see the discussion in the above paragraph), the predictions of that
model and the truncated-Scheil-type model (i.e., the predicted colum-
nar front position, solid fractions, and liquid undercoolings) are nearly
identical. This is an important observation because it indicates that, for
columnar solidification and, at least in the absence of melt convection,
one can safely disregard liquid undercooling behind the columnar front
and use the truncated-Scheil-type two phase model, instead of the more
complex three-phase model.

Next, the accuracy of the conjecture that was proposed in Section 2.7,
which stated that by increasing ¢* in the truncated-Scheil-type and three
phase models, these models should converge to the Scheil-type model,
is examined. In Fig. 4, predictions of the Scheil-type model (the black
curve) are compared with the predictions of the truncated-Scheil-type
model (the colored curves) with four different values of the tip selection
parameter: ¢* =0.0002, 0.02, 2.00, and 200. Fig. 4(a) and (b) shows the
comparisons between the solid fraction and liquid undercooling profiles,
respectively. Results are at t=60s. It is emphasized that from these four
o* values, only ¢*= 0.02 is realistic, and simulations with the three other
values are performed only to examine the validity of the conjecture that
was proposed in Section 2.7. The vertical lines in the figures show the
position of the columnar front. From the plots, it is evident that, in the
truncated-Scheil-type model, as the value of ¢* is increased, the length
of the undercooled liquid region and the values of liquid undercooling in
this region decrease. Finally, with ¢* = 200, the front positions predicted
by the two models nearly collapse. Furthermore, although not shown
here for the purpose of concision, the same behavior was observed by
increasing ¢* in the three-phase model. These numerical observations
confirm our conjecture in Section 2.7: by increasing ¢* in the truncated-
Scheil-type and three phase models, these models converge to the Scheil-
type model.

One more point regarding Figs. 3 and 4 must be discussed before pro-
ceeding. From these figures, it can be seen that when liquid undercool-
ing is taken into account (i.e., in the truncated-Scheil-type and three-
phase models with ¢* <= 0.02), at the position of the columnar front,
there is a steep increase in the solid fraction profiles, and the value of
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Fig. 4. (a) Solid fraction and (b) liquid undercooling profiles

at t=60s, showing the convergence of the truncated-Scheil-type
model to the Scheil-type model as the liquid undercooling van-
ishes with increase in the tip selection parameter ¢*. Vertical lines
show the position of the columnar front.
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Fig. 5. Snapshots at t=10s of the different quantities predicted by the Scheil-type, three-phase, and truncated-Scheil-type models. In the second and third columns,
the vectors represent the superficial liquid velocity and the white curve represents the columnar front, which corresponds to isoline g, =0.01 or ¢ =0.

the solid fraction immediately behind the columnar front is relatively
high (greater than 0.15). This steep increase, which was also observed
in the phase-field simulations of Badillo and Beckermann [52], should
not be inferred as a discontinuity, and resolving it numerically, espe-
cially in the presence of melt convection, requires a relatively fine mesh.
When liquid undercooling is disregarded (i.e., the Scheil-type model or
truncated-Scheil-type models with ¢* = 200), however, there is no steep
increase in the solid fraction profiles, and the solid fraction immediately
behind the columnar front is, as expected, very low. In all the models
and for all values of ¢*, the increase in solid fraction behind the colum-
nar front is gradual. In the next subsection, it will be shown that, when
melt convection is taken into account, the magnitude of the solid frac-
tion immediately behind the columnar front has a major impact on the
flow directions around the front.

5.2. With melt convection

Predictions of the Scheil-type, truncated-Scheil-type, and three-
phase models in the presence of melt convection are shown in Figs. 5-7.
Fig. 5 shows the results at an early solidification time (i.e., t=10s) and
Figs. 6 and 7 show the results at two intermediate solidification times
(i.e., t=60 and 120s, respectively). The total solidification time was
about 550s. The predictions of the three-phase and truncated-Scheil-
type models are shown for two different values of ¢*: ¢* = 0.02 and
¢* =200. It is emphasized again that ¢*= 200 is unrealistic and sim-
ulations with this extremely high value of ¢* are performed only to
show how truncated-Scheil-type and three-phase models converge to the
Scheil-type model at high ¢* values. The contour plots of the temper-
ature, solid fraction, liquid/extra-dendritic liquid undercooling, liquid
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Fig. 6. Snapshots at t=60s of the different quantities predicted by the Scheil-type, three-phase, and truncated-Scheil-type models. In the second and third columns,
the vectors represent the superficial liquid velocity and the white curve represents the columnar front, which corresponds to isoline g, =0.01 or ¢ =0.

density, and mixture concentration are shown in the first through fifth
columns, respectively. In the solid fraction contour plots, the vectors and
the white curves represent the superficial liquid velocity and the colum-
nar front, respectively. Next, the predictions of the different models are
compared.

From the contour plots shown in the second column of these fig-
ures, it can be seen that, at t=10 and 60s, the flow pattern predicted
by the different models and at the different values of ¢* are noticeably
different. For example, the Scheil-type model predicts that (see the con-
tour plots in the first row second column of Figs. 5 and 6) the strongest
melt flow in the simulation domain is the vertical upwards flow behind
the columnar front (i.e., at the low solid fraction regions of the mush).
This upward flow indicates that the upward solutal buoyancy forces
have, as expected (see the discussion at the end of Section 4), domi-
nated the downward thermal buoyancy forces. A similar flow pattern
is also predicted by the truncated-Scheil-type and three-phase models
with ¢* =200 (see the contour plots in the second column, third and
fifth rows Fig. 5). However, with ¢* = 0.02 (see the contour plots in the
second column, second and fourth rows), there is no significant melt
flow behind the columnar front (except in the channel regions), and the
melt flow is mainly ahead of the front. From these observations, one
can conclude that in the absence of liquid undercooling (i.e., Scheil-
type model and the truncated-Scheil-type and three-phase models with
¢* = 200), the main flow pattern in the domain is upward flow behind
the columnar front; while, in the presence of liquid undercooling (i.e.,
the truncated-Scheil-type and three-phase models with ¢* = 0.02), the
main flow pattern is downward ahead of the columnar front. It should
be mentioned that, because liquid undercooling is present in reality, the
flow pattern predicted in the presence of liquid undercooling is expected

to be more realistic than the one predicted in the absence of liquid
undercooling.

The main reason for the difference that is observed in the flow pat-
tern in the absence and presence of liquid undercooling is the difference
in the magnitude of the solid fraction behind the columnar front. From
the plots in the second column of Figs. 5 and 6, it can be seen that when
liquid undercooling is disregarded (i.e., the Scheil-type model and the
three-phase and truncated-Scheil-type models with ¢* = 200), the solid
fractions behind the front are relatively low (less than 0.05); however,
when the undercooling is taken into account, these solid fractions have
intermediate values (about 0.3). This difference is similar to what was
observed when the results without melt convection were discussed (see
the discussion at the end of Section 5.1). Low solid fractions behind the
columnar front permit relatively strong upward melt flow locally, which
leads to a downward flow ahead of the front so that mass continuity is
satisfied around the columnar front. When the solid fractions behind the
front are not low, the flow behind the front becomes relatively weak and,
therefore, cannot influence the flow ahead of the front. As a result, the
direction of that flow is determined solely by the downward thermal
buoyancy forces.

Next, the liquid undercooling contour plots shown in the third
column of Figs. 5-7 are discussed. From the plots, it can be seen that
the liquid undercoolings predicted by the Scheil-type model are, as
expected (see the discussion below Eq. (26)), zero behind the columnar
front. Ahead of the columnar front, these undercoolings are zero in most
parts of the cavity, except in a narrow region adjacent to the top wall,
where they have negative values. A negative value for liquid under-
cooling indicates that the liquid is locally superheated: its temperature
is above the equilibrium temperature corresponding to the local liquid
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concentration. The liquid undercoolings predicted by the truncated-
Scheil-type model are, again, as expected, zero behind the columnar
front. Ahead of the columnar front, these undercoolings are positive
with ¢* = 0.02, but, with ¢* = 200, positive liquid undercoolings nearly
vanish. The liquid undercoolings predicted by the three-phase model
are very similar to the ones predicted by the truncated-Scheil-type
model. This indicates that, for columnar solidification, even in the pres-
ence of melt convection, the liquid undercooling behind the columnar
front can be disregarded and the truncated-Scheil-type model can be
used instead of the three-phase model.

From the solid fraction contour plots shown in Figs. 5- 7 it can also
be seen that at t=60s a few channel segregates are fully established
(i.e., solid free channels are clearly distinguishable from their neighbor-
ing regions, which have relatively high solid fractions). Channels are
initiated by convective instabilities in the low solid fraction regions of
the semi-solid mush (see [53,54] and references therein). Most metallic
alloys, including the lead-tin alloy studied in this paper, have a partition
coefficient less than unity; therefore, during their solidification, solute
is rejected into the melt. The solute rejection changes the density of the
melt and induces buoyancy forces. To understand how channels form,
imagine a parcel of highly segregated liquid located deep in the mush.
Two types of force act on the parcel: buoyancy forces and frictional
forces. If the buoyancy forces acting on the parcel are strong enough to
overcome the frictional retarding forces that are exerted by the semi-
solid mush, the parcel will move. During that movement, the parcel will
retain its composition because its mass diffusivity is much lower than its
heat diffusivity. If the local flow velocity and isotherm are misaligned
such that the parcel moves towards the low solid fraction regions of the
mush, where the temperature is higher, the still highly segregated, dis-
placed parcel will delay solidification or even locally re-melt the solid.

That will increase the local permeability of the mush. The local increase
in the permeability allows the subsequent parcels to flow more easily.
This, in turn, delays solidification (or enhances re-melting) even further
until open channels form that are completely free of solid.

It is also interesting to note that in different models channels start
to appear at different heights of the cavity. In the Scheil-type model,
channels appear only in the top one-third of the cavity around the top
right corner. This is because at lower heights of the cavity the local
isotherms and flow direction are both nearly vertical. Around that cor-
ner, however, the flow starts to turn left and therefore makes an angle
with respect to the isotherms that are still nearly vertical. Since mis-
alignment between the local flow direction and isotherms is necessary
for channels to form, they form only around the top right corner. In
the three-phase and truncated-Scheil-type models, however, channels
are observed also at lower heights and even close to the bottom of the
cavity. Formation of channels at such low heights indicates that in the
three-phase and truncated-Scheil-type models, the local flow direction
and the isotherms become misaligned not only at the top right corner
but also at lower heights.

In Fig. 8, the final macrosegregation patterns (i.e., the final distri-
bution of the mixture concentration C) predicted by the three models
are shown. Again, results for the three-phase and truncated-Scheil-type
models are shown for ¢* = 0.02 and 200. First, the macrosegregation
pattern predicted by the Scheil model, and shown in contour plot 8(a),
is analyzed. To more easily discuss the pattern in the plot, four different
regions, enclosed by the closed curves which are numbered one to four,
are identified in the plot. Next, the segregation patterns in these regions
are discussed. Region one is negatively segregated (i.e., it has C < C)
because during solidification of this part of the cavity, the local melt
flow is relatively strong and, therefore, it carries away the solute that is
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Fig. 8. Final macrosegregation maps predicted by the Scheil-type, three-phase, and truncated-Scheil-type models.

rejected locally during solidification. In region two, macrosegregation is
dominated by the formation of three highly segregated channels, which
are separated from each other by regions of very low segregation. Re-
gion three has solute concentrations that are nearly equal to the nominal
solute composition C,,g; in other words, there is no significant solute seg-
regation in this region. This is because, during solidification of region
three, the local melt flow is relatively weak (as that region solidifies
only after about three quarters of the cavity has been already occupied
by the mush). Region four has solute concentrations much higher than
Cref (ie., it is highly segregated) because when highly segregated, and
therefore relatively light, liquid parcels reach that region of the cavity,
they stay there and do not move to the other parts of the cavity anymore.

By examining the other plots in Fig. 8, one can see that the three-
phase and truncated-Scheil-type models predict overall macrosegrega-
tion patterns, which is a term used to refer to segregation patterns ex-
cluding channel segregates, that are very similar to the pattern predicted
by the Scheil-type model. In other words, accounting for liquid under-
cooling has no significant influence on the overall macrosegregation
pattern. This is because, regardless of whether liquid undercooling is
taken into account or not, regions one and three solidify in the pres-
ence and absence of strong local melt flow, respectively; region four
is the region where light and highly segregated liquid parcels accumu-
late. Therefore, regions one and four always exhibit negative and highly
positive macrosegregation, respectively, while region three solidifies
with no significant macrosegregation. The only major difference that
is observed between the segregation patterns predicted by the different
models and/or the different values of ¢* is the form of the predicted
channel segregates. In other words, accounting for liquid undercooling
changes the form of the predicted channel segregates but not the over-
all macrosegregation pattern. The difference in the form of the channel
segregates is attributed to the difference in the flow pattern around the

columnar front during solidification, which was discussed in connec-
tion with Fig. 5. It is emphasized that, although it was shown here that
liquid undercooling has no significant impact on the final macrosegre-
gation pattern, accounting for it in solidification models remains criti-
cal because some important phenomena, such as nucleation of equiaxed
grains, can be predicted only if liquid undercooling is accounted for.

6. Conclusions

A truncated-Scheil-type two-phase model was developed for colum-
nar solidification of binary alloys in the presence of melt convection and
liquid undercooling ahead of the columnar front. The model was derived
from a three-phase columnar solidification model, which takes into ac-
count liquid undercooling both ahead and behind the columnar front. A
fast and robust numerical scheme to calculate solid fractions during so-
lidification was developed. A key advantage of the scheme, compared to
similar schemes that are available in the literature, is that its implemen-
tation in the open-source widely-used CFD package OpenFOAM does
not require parallel-specific programming. This allowed us to perform
high-resolution simulations where channel segregates are fully resolved.
In addition, for the first time in the field of macroscale modeling of so-
lidification, complex movements of the columnar front in the presence
of melt convection, liquid undercooling, and channel segregates were
tracked.

These models were used to perform simulations of a numerical
columnar solidification benchmark problem, and the results were com-
pared with the predictions of a Scheil-type model, which neglects liquid
undercooling entirely. It was found that the predictions of the truncated-
Scheil-type model and the three-phase model are nearly identical. This
indicates that, for columnar solidification, the truncated-Scheil-type
model can be used instead of the more complex three-phase model.
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It was also found that, in the truncated-Scheil-type and three-phase
models, the dendrite tip selection parameter ¢* is a key parameter. With
the realistic value of ¢* (i.e., 6* = 0.02), these models account for liquid
undercooling; as the value of ¢* is increased, the predicted liquid un-
dercooling vanishes and the predictions of these models converge to the
predictions of the Scheil-type model. It was also found that accounting
for liquid undercooling had no significant impact on the final macroseg-
regation patterns but changed the flow pattern around the primary tips
during solidification as well as the form of the channel segregates. It is
emphasized that liquid undercooling is nonetheless very important to
account for because some important phenomena, such as nucleation of
equiaxed grains, can be predicted only if liquid undercooling is taken
into account.

Future work will include incorporating equiaxed growth so that the
columnar to equiaxed transition can be predicted. It would also be inter-
esting to use the three-phase and truncated-Scheil-type models to per-
form three-dimensional simulations of the numerical benchmark prob-
lem and investigate the effect of liquid undercooling on the shape of the
channel segregates in 3D.
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